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PREFACE TO THE FIRST EDITION. 



The principles of the Calculus are reached from three different 
points of view in the methods respectively of Leibnitz, Newton, and 
Lagrange. The method of the latter not being adapted to elemen- 
tarj instruction, the choice for this purpose lies between those of 
the two former. The recent text-books, both English and French, 
are in general based upon the method of Newton. The expediency 
of this may well be questioned. The artifice which lies at the basis 
of the Calculus, consists in the employment of certain special auxil- 
iary quantities adapted to facilitate the formation of the equations 
of a problem. The limit, or differential coefficient, the auxiliary 
employed in the method of Newton, is not easily represented to the 
mind, and being composed of two parts which cannot be separately 
considered, it is with the more difficulty applied to the solution of 
problems. On the other hand the differential, the auxiliary employ- 
ed in the method of Leibnitz, is simple in itself, is very readily con- 
ceived, and adapts itself with wonderful facility to all the different 
classes of questions which require for their solution the aid of the 
Calculus. From these and similar considerations, confirmed by the 
results of experience, I do not hesitate to prefer the method of 
Leibnitz as the basis of an elementary work on the Calculus. A 
perfect knowledge of the subject requires, indeed, that it should be 
examined from all the different points of view which have been 
named. But the learner should begin with the method of Leibnitz. 
In accordance with these views the present work has been prepared. 
The following analysis exhibits the course pursued. 

The first object is to show the necessity for the new instrument of 
investigation we are about to examine. A simple problem is, there« 
fore, introduced for which an equation cannot be directly obtained 
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in terms of the quantities which enter into it, and which require to 
be considered. In these circumstances the ordinary expedient of 
analysis, is the employment of auxiliary quantities to aid in the for- 
mation of the equation required. But from the variable nature of 
the quantities which the problem presents, the auxiliaries most 
suitable to be employed, it is obvious, are not the finite and deter- 
minate quantities of ordinary algebra, but certain indeterminate 
quantities capable of being taken as small as we please, without 
changing thereby the values of the quantities for which they are to 
be substituted or in connection with which they are to be used. We 
are thus led to the consideration of quantities infinitely small, or 
infinitesimals ; which form the subject of the first section. 

The auxiliaries employed in any case must, it is evident, sustain 
relations to their primitives, in virtue of which they may be elimi- 
nated, after they have served the purpose for which they are intro- 
duced. We have, then, next to establish such relations for the new 
auxiliaries we wish to employ. The variable quantities of the prob- 
lem may be regarded as changing their values by increments or de- 
orements infinitely small. If we take, then, the difierence between 
any two successive states of the variables, the results will be quan- 
tities infinitely small, which will have also a necessary relation to 
the primitives from which they are derived. We may employ them, 
therefore, for the auxiliaries required. They are called diflFeren- 
tials ; and the process by which they are obtained is called differ- 
entiation ; the rules for which, for simple algebraic quantities, are 
developed in the second section. 

We have now our instrument in part, and proceed at once to its 
use. We commence with the problem of tangents, one of the most 
interesting of the problems which occupied the attention of the 
ablest geometers of antiquity, and which long defied their efforts 
and baffled their skill. We find it yield at once to the instrumen- 
tality we have now acquired. The third section is occupied with 
various particular cases of this general problem, and the student is 
thus introduced to the Differential Calculus, of the nature of which 
he is now enabled to form a general idea. 

In the problems solved thus far, the quantities whose relations 
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are sought enter directly into the differential equations obtained. 
We are able, therefore, to eliminate by the ordinary processes of 
algebra, the auxiliaries employed. But we meet next with a class 
of problems in which this cannot be done. And in which the only 
mode of treeing the equations from the indeterminates employed 
consists in returning from them to their primitives, by a process the 
reverse of that by which they are obtained. 

The infinitely small quantities we have employed as auxiliaries, 
may be regarded as the elements of which the variable quantities of 
the problem are respectively composed. This reverse process will 
then consist in the summing up or taking the whole of these ele- 
ments. It is called integration, the rules for which, for simple al- 
gebraic quantities, are developed in the fourth section. Proceeding 
immediately to the application of our instrument as now improved, 
we introduce in the fifth section various problems upon the quadra- 
ture of areas, and the cubature of solids ; the solution of which gives 
the student an elementary view of the Integral Calculus. 

The problems of the rectification of curve lines, and the quadra- 
ture of the surfaces of the solids of revolution, requiring the aid of 
both the processes of elimination already employed, brings into use 
the entire instrument. It is thus seen as a whole, and the student 
has now a general idea of The Calculus, as the entire instrument 
by way of eminence is called. What remains, is only its more 
fiill development, with such new applications as will most clearly 
exhibit its power. 

With this object in view, we pass to the sixth section. A pro- 
posed problem being too difficult for the auxiliaries already obtain- 
ed, we naturally seek for additional ones by a repetition of the arti- 
fice already employed. Regarding our first auxiliaries, therefore, 
as now becoming primitives in their turn, we take their differentials, 
and again the differentials of these last, and so on. We thus obtain 
second, third, &c. differentials. These form the subject of the sixth 
section. Making immediate application of these new auxiliaries, 
we introduce in the seventh section the problem of the development 
of a function of one of more variables, and obtain the important 
theorems of Maclaurin and Taylor. And with resources thus in- 
1# 
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creased, we discuss at large in the eighth and ninth sections the 
great problem of maxima and minima, and the whole theory of 
curves. 

Thus far our problems have involved algebraic quantities only. 
Passing next to those which involve transcendental functions, we 
develop in the tenth section rules both for the differentiation and 
integration of quantities of this description. The discussion of the 
sinusoid, the logarithmic curve, and the spirals in general, presents 
in the eleventh section an application of the Calculus to problems 
depending upon transcendental quantities. 

It must, by this time, have been perceived that the Differential 
Calculus is far in advance of the Integral. The twelfth section is, 
therefore, occupied with the development of various artifices and 
methods of reduction adapted to facilitate the process of integration, 
or the elimination of the auxiliaries we have occasion to employ. 
With these increased facilities we advance, in the thirteenth section, 
to a full examination of the nature and properties of the Cycloid, 
the most beautiful as well as important of all the transcendental 
curves. Here the full power of the Calculus is more distinctly ex- 
hibited. Problems are solved by it, as with the dash of a pen, 
which eluded the grasp of the most distinguished of the ancient . 
geometers, or were solved only after laborious efforts, and by meth- 
ods alike circuitous and complicated. 

In the fourteenth section, some additional problems upon the 
quadrature of areas and cubature of solids are introduced, and with 
these is closed the application of the Calculus to problems of pure 
geometry. 

In the fifteenth and sixteenth sections we enter a wider field and 
upon topics of a higher interest. In these the Calculus is applied 
to various problems of Mechanics involving varied motion, motion 
along curve lines, and the determination of forces ; problems upon 
equilibrium, the determination of the centre of gravity of bodies, 
and the pressure and discharge of fluids. We thus see the appli- 
cation of the Calculus to the Physical Sciences, the sphere to which 
it is specially adapted, and within which its powers have been most 
remarkably displayed. 



PREFACE, / 

At this point, we take oar final step in the improvement of the 
instrument we are considering. We come to a class of problems 
far transcending in difficulty those which have previously been 
i3olved ; and which require for their solution a higher degree of in- 
determinateness in the auxiliaries employed. The new class of aux- 
iliaries required are differentials under a new point of view. They 
are called variations. Their derivation with some examples of their 
tise forms the subject of the seventeenth section. We close our neces- 
sarily limited view of the sublime instrument before us, by its appli- 
cation in the eighteenth section to two of the most important prob- 
lems of astronomy — the attraction of spheres, and the investigation 
of the law of the force which binds the planets and comets to their 
orbits. The work terminates in the nineteenth section, with a brief 
exposition of the methods of Newton and Lagrange, and a few mis- 
cellaneous examples. 

The plan of the work differs, it will be perceived, widely from 
the many excellent text-books on the subject recently published. It 
is submitted with diffidence in regard to its execution, but with great 
confidence that the plan itself is well adapted to introduce the stu- 
dent by a natural and easy process to a general knowledge of the 
Calculus, to enable him clearly to understand in what it consists, 
and to discern its power ; and especially to awaken in him an inter- 
est in those profound investigations in respect to which it is the ap- 
propriate instrument. 

The work completes the course of text-books of pure mathemat- 
ics prepared by the author. Its materials have been selected from 
the ordinary sources. The general view taken of the philosophy of 
the Calculus is the same with that of Camot in his Eefleotions on 
the Metaphysics of the Differential and Integral Calculus, and of 
Comte in his Positive Philosophy. 

WM, SMYTH. 

BowD. Coll., March, 1854- 



NOTE TO THE SECOND EDITION. 



In the present edition of this work no changes have been made, except, in 
accordance with its general plan, to adapt it more perfectly to the wants of 
the Recitation room. The figures have all been inserted with the text, which 
will be found a great convenience. In the nineteenth section a more fall ac- 
count is given of the method of Newton. Rules for finding the Diflferential 
Coefficients of Algebraic quantities are derived by this method, and some 
examples of their application, in the solution of problems, given. The stu- 
dent will thus have, directly, the means of comparing the method of Newton 
with that of Leibnitz upon which the present work is based. Students, in 
our Colleges, generally approach the Calculus with an erroneous impression 
in respect to the difficulty of the study. This impression, it is believed, is 
strengthened by the want of due attention to the distinction between the 
Calculus as a logical instrument, and the subjects to which it is applied. In 
the former point of view the Calculus presents no special difficulty ; and in 
the latter, very many of its most interesting and important applications re- 
quire no higher mental effisrt than that to which the student has already been 
accustomed, in the study of Algebra to the extent required in a College 
course. In addition to the use of the method of Leibnitz, the author has 
kept the distinction in question constantly in view. He has endeavored also 
to present such a course of topics for the application of the Calculus as fall 
fully within the range of College instruction, and which, without the aid of 
this instrument, would be taught by far inferior methods. The several 
topics discussed are presented so as to advance gradually from the 
more simple to that which is more difficult. Each topic, moreover, as far 
as practicable, is presented as a whole, instead of its different parts being 
scattered over the entire work. Greater unity in the discussions is thus 
secured, with greater facility for selection, when, from any circumstances, 
the entire work cannot be used. The present work owes its origin to a 
want felt by the author in the instruction of his own classes. Its success 
thus far, has entirely met his expectations. It is now presented as a sim- 
ple contribution to the means of elementary instruction, in the hope that it 
may serve to increase the attention now given in our Colleges and higher 
Seminaries to the important branch of Mathematics of which it treats. 

Bowi). Coll., October, 1859. 
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THE 

CALCULUS. 

SECTION I. 

PRELIMINARY PRINCIPLES. 

1. When an equation for a question can be obtained directly by 
means of the quantities which come under consideration, ordinary 
Algebra is sufficient to furnish the necessary rules .for its completo 
solution. But numerous questions occur, especially in the Physical 
Sciences, the equations for which cannot thus be obtained, and 
which, in consequence, require for their solution new expedients or 
methods of analysis. 

2. Let the following simple problem of this description be pro- 
posed, viz. 

To find the space throvgh which a body, acted upon by gravity, 
will descend in a determinate time. 

Let s represent the space, t the time, and v the velocity the body 
has acquired at the end of the time. 

Since gravity is an accelerating force, the velocity, it is evident, 
will vary with the time elapsed, and, conversely, the time will vary 
with the velocity. This varying character of the time and velocity, 
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both of which must be considered in determining the space, renders 
it difficult to form directly the equation of the problem, and we are 
thus led to seek' some indirect method by which the difficulty may 
be obviated and the required equation be obtained. 

With a little attention it will be seen that if the time be divided 
into portions each indefinitely small, for any one of these portions 
the velocity may be regarded as uniform. Let the body, then, be 
supposed, with the velocity acquried in the time ^ to continue its 
motion during one of these indefinitely small portions of the time, 
which we will designate by f. During this tiD^e it will describe, 
it is evident, a corresponding indefinitely small portion of the space, 
which we will represent by /. Then, since in a uniform motion 
the velocity is equal to the space divided by the time, we shall 
have s' 

«-7" (1) 

But gravity, being a constant force, will generate the same ve- 
locity in each successive equal interval of time. Thus, if g repre- 
sent the velocity generated by gravity in the unit of time, in 2 
units it will be 1g ; and, in general, in t units it will be gt^ and 
we shall have ^ _ ^^ ^2) 

Comparing these equations we obtain 

s' = gtXt\ (3) 

We have thus obtained an equation for the problem by means of 
the indefinitely small quantities s' and f which we have employed 
as auxiliaries, and which we suppose to be derived from the primi- 
tive quantities s and t by some fixed and uniform law. This law 
being determined, the auxiliaries s\ t\ it is evident, may be elimi- 
nated ; and the result will be an equation in 5, ?, and constants only, 
from which the value of s may be obtained, and the problem thus 
be completely solved. 

3. We shall pursue the problem no further at present ; our ob- 
ject being simply to indicate the circumstances which gave rise to 
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the new branch of Mathematics we are about to consider, and the 
peculiar artifice of calculation by which it is characterized. 

The problems for the solution of which this ' branch of the 
Mathematics was invented, are among the most important that can 
be presented to the human mind. On this account, as well as from 
the inherent difficulty of their solution, it has been called, by way 
of eminence, the Calculus. ti.*). wO ■ 

4. The method of the Calculus is, for our present purpose, suffi- 
ciently obvious. It consists in the employment of certain auxiliary 
quantities adapted, by their relations to each other and the primi- 
tive quantities for which they are substituted or in connection with 
which they are used, to facilitate the formation of the equations 
necessary to the solution of problems. We have, therefore, at the 
outset, two questions to consider. 1^, What is the nature of the 
auxiliary quantities thus employed ? 2°. How are these quantities 
derived from their primitives ? 

NATURE OF THE AUXILIARY QUANTITIES EMPLOYED IN 
THE CALCULUS. 

5. In order that the quantities /, t\ may be employed as auxili- 
aries in forming an equation for the preceding problem, we must be 
able, it is evident, while they retain the required relation to each 
other, to make them as small as we please, without altering thereby 
the values of the primitive quantities s and t with which they are 
compared, and the relation of which is sought. It is the capability 
of being thus indefinitely diminished, which characterizes the quan- 
tities employed in the Calculus as auxiliary to the formation of 
equations. In their nature indeterminate, they are regarded in 
practice ^s iiifinitely smill, or as infinitesimals. And the Calcu- 
lus, on account of its use of them, is sometimes called the Infini- 
tesimal Analysis, 

Before proceeding to the second inquiry in respect to these aux- 
iliary quantities, let us examine more particularly what is to be 
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understood by quantities infinitely greats or, infinitely small ; and 
the subordination which must be regarded as existing among these 
quantities in calculation. 

INFINITY. INFINITESIMALS. 

6. We can form no conception of a quantity absolutely infinite. 
Nor are the terms great and small applicable to quantities in them- 
selves considered, but only in their relation to each other, or to a 
common standard. One quantity is greater than another when it 
contains the other more than once. It is infiriitely great in com- 
parison with another, when no number can be found sufficiently 
large to express the ratio between them, or the number of times 
one contains the other. Thus x is infinitely great in relation to a, 
when no number can be found sufficiently large to express the quo- 
tient -. In like manner a is infinitely small in relation to 2:, when 

a 

no number can be found sufficiently small to express the quotient ?. 

X 
X 

7. But though we cannot assign the value of the ratio — , this 

does not prevent our supposing another quantity as large in rela- 
tion to a:, as 2; is in relation to a; for, whatever the magnitude of a:, 
we may have, it is evident, the proportion 

a;' 
a : a; : : x: — , 

a 

in which the fourth term, _, will contam x as many times as a; is 

a 
supposed to contain a. 

In like manner we may have the proportion 



a: :a : :a : — 

X 

in which, if a is infinitely small in relation to a:, —will be infinitely 
small in relation to a ; for — is contained as many times in a as a 

X 

is contained in x. 
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8. Moreover, we may again suppose quantities infinitely greater, 
or infinitely smaller, than those last named, and so on widioat 
limit. 

Quantities of this description are called infinitely great or infi- 
nitely small quantities of different orders. 

Thus if a? is infinitely great in comparison with 1, x' will be in- 
finitely great in comparison with ar, x^ in comparison with a?*, and 
so on. The first, or x, is called an infinite quantity of the first 
order ; the second, or a?', an infinite quantity of the second order 
and so on. 

In like manner if — is a quantity infinitely small, -j will be in- 

finitely small in comparison with _, — in comparison with — ■ , and 

X x^ a;' 

so on. Thus — is an infinitesimal of the^r^^ order, — an infini- 
a? X 

tesimal of the second order, and so on. 
J£ we take the series 

X f X , X, Lf — , — -, — - 
X X^ X° 

in which a? is infinite, each term, it is evident, will be infinitely 
large in relation to that which immediately follows, and infinitely 
small in relation to that which immediately precedes it. 

9. It will he observed, 1°, If two quantities x and y are each 
infinitely small, their product will be an infinitesimal of the second 
order; for we have the proportion 

l:x::y:xyj 
in which, if ar is infinitely small in relation to 1, xy will be infinite- 
ly small^in relation to y ; that is, it will be an infinitesimal of the 
second order. In like manner, z being also an infinitesimal, xyz 
will be an infinitesimal of the third order, and so on. 

2°. Though two quantities are each infinitely small, it does not 
follow that they are equal. Indeed, two infinitely small quantities 
2^ 
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may have any finite ratio wbateyer. Thus let — , — represent two 

X X 

infinitesimals. We shall have, it is evident, the proportion 
a h 

X X * 

in which, though — , — are each indeterminate, that is, may each 

X X 

be made as small as we please, the ratio between them is always 
determinate, viz. that of a: b. 

3°. Moreover, if an infinitesimal be multiplied by a finite quan- 
tity, its order of infinity will not thereby be changed. Thus - , — 

are each infinitesimals of the firsft order when x is infinite, although 
the second is a times the first. 

4°. If a: is infinite in comparison with a, conversely a is an in- 
finitesimal in comparison with x. 

10. In the use of infinitesimals, an infinitesimal may be omitted 
by the side of a finite quantity ; and, in general, an infinitesimal of 
any order whatever by the side of one of an inferior order. 

1, Thus, let there be the equation 

h 
Here, if x is infinite, — can add nothing to a. Indeed as x in- 
creases, the fraction — decreases, and may be made as small as we 

X 

please by increasing x. If then x be greater than any finite or as- 
signable quantity, — will be less than any finite or assignable quan- 
tity. It can add, therefore, nothing finite to the value of a, or will 
become as in comparison with it, and may by consequence be 
rejected. 
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In like manner, if we haye the equation 

b 

if a; is infinite, — can subtract nothing &om a. In either case, 

X 

therefore, if a: is infinite, we shall have 

2. To find the product of B into x — A, on the hypothesis that 
X is infinite ; or, which is the same thing, that A is an infinitesimal 
compared with x. 

The product of B into x — A may be put under the form 

which, for the reasons above, reduces to Bx, when a; = oo . 

3. To find the value of y in the equation y= x* — ax-^-b, 
when X is infinite. 

The right hand member of this equation may be put under the 

which reduces to 2:', when a: == 00 . 

4. To find the value of y in the same equation when x is an in- 
finitesimal. Ans. y = b, 

5. To find the value of the fraction ^ "[ ^ ; 1°. on the hypothc- 

eis a; = OD ; 2°. on the hypothesis that x is an infinitesimal. 

Ans. -=-, and --- respectively. 
5 b 
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ADAPTATION 01" INFINITESIMALS TO SIMPLIFY THE EQUATIONS 
OF A PROBLEM. 

11. We have thus seen that an infinitely small quantity may al- 
Iways be omitted by the side of a finite quantity, and in general an 
'.infinitesimal of any order whatever by the side of one of an inferi- 



i: 



ir order. By reason of the terms which may be omitted, in virtue 
of this principle, the equations of questions, formed by means of 
infinitesimals as auxiliaries to the primitive quantities, will be 
much more simple, and be more easily established. The advan- 
tage derived from this simplification will be obvious, when it is 
recollected how much the difficulty in the solution of a problem is 
increased, when, for example, it is necessary to introduce into its 
equations the second, third, and, in general, the higher powers of 
the quantities to be considered. 

12. But the question arises, will not these omissions affect the 
accuracy of the results at which we arrive in the use of these aux- 
iliaries. In reply to this question we remark, 

1°. Admitting that errors occur in consequence of these omis- 
sions, they may be made as small as we please, or less than any 
finite or conceivable magnitude. They must, therefore, ultimately 
become as 0, or entirely disappear. 

2°. These omissions are necessary to impress upon the auxilia- 
ries employed the true character we assign to them. 

If a question is solved upon a certain hypothesis in respect to the 
quantities employed, then, whatever in the course of the operations 
is contradictory to this hypothesis must be struck out, or the result 
will not conform to the data. Suppose that, in the solution of a 
problem, one of the quantities, x for example, is regarded as in- 
finite, and we arrive at the equation 

3a; + « . 
a and 3, it is evident, must be struck out by the side of x. For the 
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supposition that a and h can have any value by the side of z de- 
stroys the previous hypothesis, a: = oo , upon which the solution of 
the question depends. 

2. As a second illustration let us take the series 

12 3 4 5. 
"2"' l"' T' 5"' T' *°- 

The terms of this series approach more nearly to unity, as they 
are farther distant from the beginning. A term, it is evident, can 
never exceed unity, and will reach this limit only when it is at an 
infinite distance from the beginning. Let x denote the distance of ^ •* • 
a term from the beginning ; the fraction 



x-\-l 
will then represent, generally, any term of the series. 

In this expression let a? = oo ; then, from what has been said, 
the expression reduces to — or 1 ; which will be the value of the 
term at an infinite distance from the beginning, as it should be. 

The omission, then, of unity by the side of a:, when x is suppos- 
ed to be infinite, only makes the result conform to the hypothesis; 
and so far from leading to error is what is necessary to make the 
result rigidly exact. 

We thus see that an infinitesimal, when connected by algebraic 
addition with a finite quantity or with an infinitesimal of an inferi- 
or order, not only may^ but must be rejected, in order to secure 
absolute accuracy. 

13. The nature of the quantities adapted to be employed as 
auxiliaries in the solution of questions, the equations for which it 
is difficult or impossible to obtain directly, has now been sufficiently 
explained. To apply these auxiliaries to their purpose, we must be 
able, as we have seen, to effect their final elimination from the 
equations in which they have been employed. They must sustain. 
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therefore, a definite and known relation to their primitives. We 
come, then, to our second object of inquiry, viz. How are these 
auxiliary quantities derived from their primitives ? 



SECTION II. 

DERIVATION OF THB AUXILIABT QUANTITIES. DIFFERENTIAL CALCULUS. 

14. In the questions which occur in the Calculus, as in the 
Analytic Geometry, there are two classes of quantities which come 
under consideration, 

1°. Quantities which preserve invariably the same value through- 
out the whole course of the operations in which they are employed. 
These are called constants^ and are usually denoted by the first 
letters of the alphabet, as a, h, c, &c. 

2°. Quantities which admit of different values or different de- 
grees of value in the same expression. These are called variables^ 
and are usually denoted by the last letters of the alphabet, as x^ y, 
Zf &c. 

3°. To these must now be added a third class, viz. the infinitesi- 
mals employed as auxiliaries. These, although they vary in a cer- 
tain manner, cannot, as the ordinary variables, have any determi- 
nate values assigned to them. They may be characterized as quan- 
tities always variable, or as indeterminates. 

15. The quantities which enter into a question, and the relations 
of which are sought, may all be considered as composed of eUmenU 
infinitely small in comparison with them. These infinitely small 
elements are the quantities actually employed in the Calculus as 
auxiliaries to facilitate the establishment of equations. They will 
necessarily have to one another relations more simple and easy to 
discover than those of the primitive quantities for which they are 
substituted or with which they are used. They may, moreover, b^ 
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derived from their primitives by very simple rules which we now 
proceed to develop. 

16. A variable quantity may be considered as changing its mag- 
nitude, or as having arrived at a certain state of magnitude, by the 
successive addition or subtraction of the infinitely small quantity 
regarded as its element. To find, then, the element, or the infinite- 
ly small increment or decrement, by which a variable is increased 
or decreased at each instant, we have only to find the value of the 
variable at any one instant, and then in the instant next immedi- 
ately following ; or, which is the same thing, we have only to find 
the values of the variable in any two successive states of its mag- 
nitude infinitely near to each other. The difference between these 
two values will be the element sought. It is called the differential 
of the quantity. 

To indicate the element or differential of a simple variable, we 
write the letter df signifying differeiice of^ before it. Thus dx in- 
dicates the differential of x^ dy the differential of y. If the varia- 
ble is raised to a power, we place a point after the d \ thus the dif- 
ferential of a^ is indicated by d. z^. In like manner the differen- 
tial of xy may be indicated by d. xy. 

If the variable is a compound quantity, we inclose it in a paren- 
thesis and place the letter d before it. 

Thus the differential of x-{-y is indicated by d {x -|- 2^) ; the 
differential of x^ — ax by d{x^ — ax). 

In all cases the letter d is to be regarded in the Calculus as the 
sign of a differential, and never as a factor of the quantity before 
which it is placed, or with which it is connected. 

The process by which a differential is found is called differ^ 
entmtiofi ; and that part of the Calculus which relates to finding 
the differentials of quantities is called the Differential Calculus. 

DIFFERENTIATION. 

17. Let it be proposed to find the differential of the quantity 
x -{- y — z composed of the simple variables a?, y, and z. 
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In order to this, let a?, y, and z represent the values of the vari- 
ables at any one instant ; to find their value for the instant imme- 
diately following, we suppose x to receive an increment dx^ and to 
become x -^dx; y in like manner to become y -{-dy; and z to be- 
come z -|- dz» We thus have 

The second value of the quantity ^=z x -^ dx -\- y -{- dy — z — dz. 

From which subtracting the first = x -j- y — z. 

We obtain the differential == dx -\- dy — dz. 

To find, therefore, the differential of a quantity composed of 
several simple variables of the first degree connected by the signs 
of addition or subtraction, we write the letter d before each vari- 
able, leavi7ig the sign of each unchanged. 

2. To find the differential of the quantity ax -\- by. 

We have the second value of the quantity 

= a{x -J- dx) + b {y -{- dy) 
=zax -]- by -[- adx -\- bdy 
Subtracting the first =ax -\~by 

The differential = adx -[- bdy 

Thus, if a variable is wultiplied or divided by a constant quan- 
tity, its differential will be multiplied or divided by the same 
quantity, 

3. Find the differential of ax — y-^-c. 

Second value of the quantity == aa; — y -f' ^^^ — dy -\- c. 
Subtracting the first z= ax — y+ ^' 

The differential = adx — dy. 

Whence, if a constant quantity is connected with a variable by 
the sign of addition or subtraction^ the constant will disappear 
in differentiation. 

This, it is evident, should bo the case, since a constant, not being 
capable of increase or diminution, can have no differential, or must 
have for its differential. 

18. Let it be required next to find the differential of the product 
xy of two simple variables. 
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Considering x as becoming x -f- dxy and y as beooming y -f- dy^ 
we have for the second value of the quantity 

(x-^dx) (y + <^y) = a:y + xdy + yia: -|- (Z^i2r. 

Subtracting the first =^xy . 

Difference = xdy + ydx + (f^x. 

But, since dx and ^y are by hypothesis infinitesimals, the product 
dxdy is an infinitesimal of the second order, and must be omitted 
by the side of xdy -{-ydx. The differential will be, therefore, 
xdy -}- ydx. 

In like maimer, if there are three factors x, y, 2, we shall have 
d (xyz) = xydz -|- xzdy -|- y^^dx^ 
and so on, for any number of factors. 

In general, therefore, to find the differential of a product of sev- 
eral factors, we find the differential of each variable factor suc- 
cessively, and mtdtiply it by all the rest as if they were a constant 
co-efficient. The sum of these partial products wUl he the differ- 
ential sought, 

19. Let it b§ proposed next to find the differential of the power 
of a simple variable, a:*, for example. 

For the second value of the quantity we have 

{x + dx) {x -}- dx) = x' + 2xdx -|- dx^* 
Subtracting the first = a?' 

Difference = 2xdx -j- dx^. 

But dx^ is an infinitesimal of the second order and must be omit- 
ted by the side of 2xdx, Hence, 

d, x^ = 2xdx, 
In like manner d, x^ = 2x^dx. 

To take the general case, let it be required to find the differen- 
tial of a:"*. We shall have for the second value of the variable, 

«"» + mx'^-^dx -| ^—- ^3^^dx^ + &c. 

3 
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From this subtractiDg the first, and rejecting the terms multiplied 
by infinitesimals of the second and higher orders, we obtain 

We have, therefore, the following rule by which to find the di^ 
ferential of any power of a variable quantity. Multiply by the 
exponent^ diminish the exponent by unity ^ and multiply the result 
by the differential of the variable, 

20. Let it now be required to find the differential of a fraction— , 

Placing the denominator in the numerator, the fraction becomes 
xy-^. Applying the preceding rule we obtain 

d,xy~^ = y~^dx — xy~^dy, 

or, restoring the denominators and reducing to a common denomi- 
nator, 

X ydx — xdi/ , 

and we have the following rule by which to find the differential of 
a fraction. Multiply the differential of the num^ator by the de- 
nomitiator ; from the product subtract the differential of the de' 
nominator multiplied by the numerator, and divide the remainder 
by the square of the denominator. 

21. To find the differential of x^. The rule, art. 19, applies 
equally to quantities affected with fractional exponents. Thus, 

d, x^ = Ix ^dx = ^r — - — . 
2 V^ 

Whence we have the following rule for finding the differential of 
the square root of a variable quantity ; Divide the differential of 
the quantity under the radical by twice the radical. 

22. The rules above are sufficient for the differentiation of Alge- 
braic quantities. We will now apply them to some examples. 

I. Simple quantities in which the factors are raised to different 
powers, entire or fractional. 
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Ex. 1. To find the differential of ax^y^. We first consider 7? and 
y* as two simple variables, which gives, art. 18, 

d {ax^y^) = ax^d.y^ -|- ay^d.x^ 
whence, performing the operations, 

d {axY) = 2ax''ydy + ^ay'x'dx. 

Ex. 2. To find the differential of a;y. 

Ans. |z VtZy + Ixy^dx, 

Ex. 3. To find the differential of x''y'\ 

Ans. Zxhj-^dx — 2x^y-^dy. 

Ex. 4. To find the differential of x^y'^. 

Ans. ^x*y~^ dx — § a^y'^dy. 

' Ex. 5. To find the differential of x^y^. xdvA-vdx 

Ans. — Ti ' . 
2x^^ 

II. Quantities composed of simple terms connected by the signs 
-|- and — . 

Ex. 1. To find the differential of ax^-^bx^-^ cxy. Regarding 
each term as a simple variable, we have by art. 17, 

d {ax^-{- bx^ -{" cxy) = e^.oa;^ -f- d,b2^ -(- d,cxy, 

or performing the operations 

.= dax^dx + 2bxdx -f- cxdy --[- cydx. 



Ex. 2. To find the differential of aa^ J{- bx -j- ^^ 



Ans. 2axdx + bdx — 



2cydx cdy 



x" X* 



Ex. 3. To find the differential of x^'y — ay"" -^ b^ 

Ans. Sx^ydx -j- x^dy — 2aydy. 



28 THE CALCULUS. ,^^ 



r5 4-iL — iA 



Ex. 4. To find the differential of aa? + ^ — bx^ 

- J , 2adx bdx 
Ans. lax^dx -, 5— 7—. 

Ex. 5. To find ihe differential of 7a:* — 4a:V + -^ . '^^ ^ t/ 

Ans. 35a;Va; — Sxi/^dx — 12a^t/^dy . 

2J 
III. Compound quantities raised to powers. 
Ex. 1. To find the differential of (a + Ax + car*)*. 
Regarding the quantity within the parenthesis as a simple varia- 
ble, we have by art. 19, 

d^a + bx + cxy^S^a + bx+cx'yXdia + bx + ca^) 
== 5 (a + Ao; + cx'^y X (bdx + 2cxdx) 
= 5{a + bx + cxy {b + 2cx) dx. 

Ex. 2. To find the differential of (a + bx')\ 

Ans. ^i {a -}- bx')hxdx. 

(a'^x)dx 
j\ua. " 

I 

Ex. 4. To find the differential of ■ 



Ex. 3. To find the differential of (2aa; + a:')2. 



Ans. .. 

(2fla; + a:'j* 



{b^ + xy 

. 6axdx 

Ans. 



lY. Compound quantities composed of different factors. 
Ex. 1. Find the differential of x^{a + bxy. 
In this case we regard each factor as a simple variable and fol- 
low the general rule. Thus 

d [ar^(a + bx^] = (a + bx^y d^ + x'd (a + ba^Y 

= 3x^ {a + bx'ydx + lObx^a + bx^dx. 
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8 

Ex. 2. To find the differential of a:*(a + bx^)\ 

Ans. bx^a + bar'fdx + ^ bx' (a + 3a;3)^dLr. 

Ex. 3. Find the differential of 



{1 + xy 

(1 -j- X) 

V. Miscellaneous examples. 

Ex. 1. Find the differential of (a* + a:')'. 

Ans. Q(a* + a^Yxdx. 



Ex. 2. To find the differential of ^ 



a^ + y 

A 



Ans. ^7 — r-^. 



Ex. 3. To find the differential of {2ax — x'^y 

(a — x) dx 

(2ax—xy 

1 



Ex. 4. To find the differential of 



xdx 
Ans. 



'l 4- 3r* 
Ex. 5. To find the differential of ^ 



(l_a;«)' 



1 x^ 

^dx 

Ans. 



Ex. 6. To find Hie differential of iHl^I. 



X 



Am. (^!llil^. 
3* 
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^ Ex. 7. To find the differential of ^L+B^^. 

{a + bxY 

Wxdx 
Ans. — 



(a-\-hxf 



Ex. 8. To find the differential of 



. a^dx 

Ans. 



(a» — a^)» 



Ex. 9. To find the differential of 



(1 + ^)*' 



dx 
Ans. 



(1 + ^)' 
Ex. 10. To find the differential of (a»— a:»)i 



xdx 
Ans. 



(a'_a;')i 



Ex. 11. To find the differential of ^ 



{a^xy 

Badx 



Ans, 
Ex. 12. To find the differential of 



i 



{a-xy 
j^ z{dx+dy) — S{X'i-y)dz ^ 

FUNCTIONS. 

23. We have, thus far, found the differentials of variables de- 
tached from each other, or united without mutual dependence. But 
the variable quantities which enter into a question are always con- 
nected by the conditions of the question ; and it is in this relation, 
or as frmctions of each other, that, in general, we wish to find their 
differentials. 



fei^lM^i^lliL'^ 1*-^ 



«i. - iL- 






-f- 



-''^ 






;i . oU, - 
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A variable quantity is said to be a function of another, when 
they are so connected that a change in the value of the one neces- 
sarily produces a change in the value of the other. 

Thus, the height from which a heavy body has fallen and the 
time of its fall are evidently so connected, that a change in one 
necessarily involves a change in the other. The time is, therefore, 
a ^inction of the height ; and conversely, the height is a Action 
of the time. 

In like manner, in the equation ^= oar -f- ^, ^ and x are so con- 
nected that they must vary together. They are, therefore, functions 
of each other. In general, when an equation subsists between sev- 
eral variable quantities, any one of them is a function of all the 
others. 

A quantity, it is evident, is a function of all the quantities, vari- 
able or constant, on which its value depends. It is usual, however, 
to name the variables only. 

To indicate simply that a quantity, y for example, depends upon 
another, a;, for its value, we inclose the a; in a parenthesis, and 
place before it some one of the letters/, F. <fy vj^, &c. Thus, 

y=f{x), y=F{x), y = (p{x), &o. 
are read, y equal to a fimction of x. ' 

The letters/, F, <p, &c. when they occur in this connection, are 
to be regarded simply as signs, indicating that y is found by certain 
operations upon x and the constants connected with it. Thus if in 
the equation, y=f(x), we have f{x)s=:ax^, y is found by raising 
X to the third power and multiplying the result by a. If /(a:) = 

^ — 7^^-, then y is found by adding a to the square root of x and 

dividing the result by b. 

To indicate that two variables x, y, for example, are mutually 
dependent, we write 

f{x,y) = Q, F{x,y)=0, &o. 
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which are read ftinction (ar, y) = 0, &c. If there are three vari- 
ables, as ar, y, z^ we write /(a?, y, 2) = 0. 

When several variables are ftmctions of each other, we may as- 
sign at pleasure values to one or more of them, jfrom which those 
of the others may be determined. The variables thus selected are 
called the independent variables, the others the dependent variables. 

Thus in the equation y == aa? + 3, if we assign any arbitrary 
values to ar, those of y will be determined by them. In this case 
' X is the independent, y the dependent variable. 

24. Functions, in respect to the manner in which the quantities 
are connected with each other, are divided into two classes explicit 
and implicit. 

A function is said to be explicit when the operations to be per- 
formed upon the variables, in order to obtain the value of the func- 
tion, are directly expressed ; and are, therefore, manifest without 
the necessity of solving an equation. Thus y=zax-\'b is an ex- 
plicit function. For it is obvious, at once, that in order to find y^ 
we must multiply a? by a and add b to the product. 

An implicit ftmction is one in which the operations, necessary to 
obtain the value of the function, are not directly expressed, but 
must be determined by solviag an equation. Thus y is an implicit 
ftmction of x in the equation x^ -\- 2xy -|- a' == ; for in order to 
determine the mode of its dependence upon a?, we must solve the 
equation. 

25. Functions, also, with respect to the operations which produce 
them, are divided into two classes, algebraic and transcendental. 

Algebraic functions are those which are formed by the first five 
processes of Algebra, viz. addition, subtraction, multiplication, di- 
vision, and the raising to powers entire or fractional. 

The elementary forms of these functions are 

1 
2/=fl + ar, 2/ = a — a?, y^^^ax, y=-,yz=i3f, y = af», 

X 
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Transcendental fiinctions are those which are not thus formed. 
They are of different kinds. Their names, with the most simple 
forms of each, are as follows, 

Exponential, as y = a*; 

Logarithmic, as y = log x ; 

Circular, bs y = sin x, 

26. Functions are also distinguished as increasing or decreasing. 

An increasing Action is one which is increased when the vari* 
able is increased, or decreased when the variable is decreased. 
Thus in the innction, 

. j/ = aar + ^, 

if the value of x is increased, that of y will also be increased ; if 
the value of ;v is diminished, that of y will also be diminished. 

A decreasing function is one which is decreased when the vari- 
able is increased, and increased when the variable is decreased. 
Thus in the Action, 

as the value of x is increased, that of ^ is decreased, and as x de- 
creases the value of y increases. 

DIFFERENTIATION OF FUNCTIONS. 

27. Let it now be required to find the differential of the Action 
y =35 (a -j~ ^T* Here, it is evident, we must consider y as becoming 
y -|- dy, when a? becomes x -{- dx. We shall have, therefore, for 
the differential of the function 

dy = S{a + xydx. 

By means of this equation a relation, it is evident, is established 
between the indeterminates dy and dx. Dividing both sides by dx^ 

we have dy «/ , xa 

•£=B{a + xy. 
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Thus, although dy and dx are both indeterminate, and no absolute 
values can, therefore, be assigned to them, the ratio of dy to dx has 
a determinate value expressed by 3 (a -|- ar)'. 

The difFerentials of variables connected by equations, are found, 
it is evident, in the same manner, as when they stand alone. The 
rules which have been given are sufficient, therefore, fot the differ- 
entiation of all Algebraic functions. 



SECTION III. 

APPLICATION OF THE DIFFERENTIAL CALCULUS TO THE SOLUTION 
OF PROBLEMS. 

28. We have now seen the nature of the auxiliary quantities 
employed in the Calculus, their adaptation to their object, and the 
manner in which they are derived from their primitives. We pro- 
ceed next to show, by some examples, the aid derived from these 
auxiliaries in the solution of questions. 

PROBLEM OF TANGENTS. 

29. This problem may be enunciated as follows. 

To determine for each point of a plane curve, the equation of 
which is given, the direction of its tangent. 

This problem early engaged the attention of Mathematicians. A 
few particular cases are readily solved by common Algebra. But 
its general solution by aid of the ordinary analysis, is very difficult. 
The effort to effect this solution was one of the most important as 
well as immediate steps toward the invention of the Calculus. We 
will now see how the object is accomplished by aid of this instru- 
ment. 

30. Let AB be the given curve, AX the axis of x, A the origin, 
M the given point, and AP = x, PM = y, its co-ordinates. 



PROBLEM OF TANGENTS. 



35 




To draw a tangent to the curve 
AB, we conceive this carve to be 
a polygon of an infinite number of 
infinitely small sides. Let Mtti be 
one of these sides. The prolonga- 
tion ef M-m will be a tangent to 
the curve at the point M. LetM?72 X 3l J? p ft 3^ 

be produced to meet the axis of x, also produced, in the point T. 
To find the direction of the tangent MT, it will be sufficient to de- 
termine the value of the subtangent PT. 

To find PT, draw the ordinate pm, and draw Mr parallel to AX. 
Then, since Mm is infinitely small, Mr = P;?, and rm will also be 
infinitely small ; and we shall have Mr = dx, and rm = dy. 

But the infinitely small triangle rM;7z is similar to the finite tri- 
angle PTM, and ^^ . ..j^j . . p^ . p^, 

or dy : dx:\y iVT; 

dx 



whence 



PT=7/ 



dy' 



(1) 



an equation for the subtangent to any point M of the curve. 
Let the equation to the curve be 

B' 

2/' = ;^(A^ — A 

which is the equation of the ellipse referred to the vertex A. 
Differentiating this equation we obtain 

^ydy=^,{K — 2x)dx, 



from which 


we deduce 








dx 


2AV 


(2) 




dy~ 


"B^(A — 2x)* 


Substituting 


this value in 
PT 


equation (1), we 

2Ay 


obtain 



"B'(A — 2*)" 
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Thus we have obtained an expression for the subtangent to the 

ellipse in terms of the co-ordinates x and y, and the constants 

which enter into* its equation. We may now eliminate one of these 

co-ordinates, y for example, by means of the equation to the curve, 

which gives finally j^ ^s 

PT=p— --, (3) 

a result precisely the same with that at which we arrived, though 
in a manner far less expeditious, by common Algebra. 

If the preceding solution be examined with attention, it will be 
seen 

1°. That an equation for the problem has been established, with 
great facility, by aid of the infinitely small quantities dx and dy 
employed as auxiliaries. 

2°. These auxiliaries are derived from the quantities which pri- 
marily come under consideration in the problem ; viz. the co-ordi- 
nates X and y of the point on the curve through which the tangent 
is required to be drawn. 

3°. By very simple rules deduced from their relation to their 
primitives, we have been able, from the equation to the curve, to 
find the ratio, dx to dy, of these auxiliaries, in terms of their primi- 
tives and the constants which enter into the equation. 

4°, By means of the ratio thus found, we have been enabled, 
after they have served their purpose, to eliminate the indetermi- 
nates dx, dy, or the auxiliaries employed, and the result is left, as 
it should be, in finite and determinate terms. 

31. The expression for the subtangent PT, equation (1), applies, 
it is evident, to all plane curves referred to rectangular co-ordinates. 
Hence, for a particular curve, we have only to find the value of the 
ratio dx to dy, substitute and reduce, as in the preceding example. 
The value of this ratio, it is evident, can always be found when the 
equation to the curve is given. For if we dijQFerentiate the equation 
there will result, it is easy to see, two kinds of terms only, viz. 
1®. terms multiplied by dx; 2°. terms multiplied by dy. We shall 
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be able, therefore, in every particular case, to eliminate the inde- 
terminates employed, and obtain the subtangent, finally, in terms 
of ar, y, and constants only. l!he problem is, therefore, completely 
solved* 

Ex. 1. I'ind the subtangent to the common parabola, the equa- 
tion of which is y* = 2px. Ans. 2x, 

Ex. 2, Find the subtangent to the ellipse, when the origin is at 

the centre, and the equation A'y*-}" B'^* = -^'^'• 

x« — A= 

Ans. . 

X 

Ex. 3. Find the subtangent to the circle, its equation when it is 

referred to the centre being y' -[" ^ = ^'' x* R' 

Ans. ' . 

X 

Ex. 4. Find the subtangent to the curve xy =a\ 

Ans. — X. 

82. In the solution of the problem of tangents, above, we have a 
simple illustration of the peculiar feature of the Calculus, its dis- 
tinction £rom common Algebra, and its power as an instrument of 
investigation. 

1^. That which belongs exclusively to the Calculus in the solu- 
tion is the employment, it is evident, of certain infinitely small 
quantities as auxiliaries to facilitate the establishment of an equa- 
tion for the problem ; and the use of special rules, derived from 
the relation of these auxiliaries to their primitives and designed to 
effect their final elimination after they have accomplished the object 
for which they are introduced. All the other processes, or opera- 
tions, are merely those of common Algebra. 

2^. The power of the Calculus is seen in the remarkable facility 
with which the problem is solved ; and, especially, in the extreme 
generality of the solution, — one simple and easily obtained differ- 
ential expression being sufficient to give the tangenlB to all plane 
curves, referred to rectangular axes. 
4 
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33. Since the tangent to any point of a curve makes a right 
angle with the normal, the direction of the tangent will, also, be 
known when that of the normal is found. 

Let it be required, then, as a second solution of the problem pro- 
posed, to find the subnormal PQ to any point M of a plane curve 
AM. 

The same notation being em- 
ployed as before, we have from ^-" 
the similar triangles Mrm, MPQ, 
dxidy: :y: PQ ; 



whence 



^-y'i- 




n — X 

a differential equation for the subnormal PQ common, it is evident, 
to all plane curves. Having established this equation, the problem 
is now reduced, as in the case above, to a simple problem of analy- 
sis, viz. ; the elimination of the infinitesimals dx and dy employed 
as auxiliaries. This, as we have seen hi the preceding solution, may 
always be done by very simple and uniform methods. For any 
particular curve we have only to differentiate the equation to the 
curve, deduce the value of the ratio of dy to dx, substitute, and 
reduce as in the precediDg examples. 

Ex. 1. To find the subnormal to the ellipse, the equation to the 

curve beiDg AV = B' ( Aa; — x^) . -02 

Ans. PQ = J(iA — a:). 

Ex. 2. Find the subnormal to the parabola, whose equation is 
y^=z2px. Ans. p. 

Ex. 3 . Find the subnormal to the circle, the equation being 
y^-^x^ = R'. Ans. — X. 

Ex. 4. Find the subnormal to the hyperbola whose equation is 
y* = 2 (ax -j- x^). Ans. a + 2ar. 
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34. In the triangle mrM (fig. art. 33) we have, radius being 1, 

1-i T I ! M y > rm i : dxidy; #*. ^ ^^^ 

whence T = ^, - -^^ 

in which T is the trigonometrical tangent of the angle wMr, or 
which is the same thing, the angle MTP, which the tangent line 
MT makes with the axis of x. The value of T being found in 
finite terms, by means of the equation to the curve, the direction 
of the tangent will be known. We thus have a third solution of 
the problem proposed. 

Ex. Let the equation to the curve be y* = 4a:, to find the direc- 
tion of the tangent. \ 1 

^ * T = ~. Ans. 

To draw a tangent to any point on a curve whose equation is 
given, it will, in general, be found most convenient to employ the 
expression for the subtangent PT. We have found the expressions 
for the subnormal PQ, and the trigonometrical tangent T, chiefly 
as an additional exercise for the learner upon the problem of 
tangents. 

MAXIMA AND MINIMA. 

35. The greatest value of a variable quantity is called a maxi- 
mum, the least a minimum. 

Problems concerning maxima and minima are among the most 
important that occur in analysis, and in the practical applications 
of mathematics. In further illustration of the Calculus we pro- 
ceed to some problems of this description. 

Ex. 1. Let it be required to divide a number a into two parts 
such that their product may be the greatest possible. 

Let X = one of the parts, then a — a: = the other, and we have 
for the product 

x{a — x)s=zax — a;*; 
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but, by hypothesis, this product is now the greatest possible ; its in- 
crement, or differential must, therefore, be zero, and we have 

or performing the differentiation,, and reducing, 

The product, therefore, is the greatest possible, when the number 
is divided into two equal parts, as we have seen already in Algebra. 

Ex. 2. To divide a number a into two parts such that the sum 
of the squares of the parts shall be the least possible. 

Let X = one of the parts, then a — 2; = the other, and by the 
question a:« + (a — a:)' = a minimum ; 

the quantity being the least possible, its differential will be 0, and 
we have d [z" + (a — a:)»] = ; 

whence, differentiating and reducing, 

The number, therefore, must be divided into two equal parts. 

Ex. 3. It is required to find a fraction such that the fraction 
shall exceed its cube by the greatest possible quantity. 

Let X represent the fraction ; then by the question 
X — a;'= a maximum ; 
and d{x — ar')=0. 

Ans. The fraction is the square root of one third. 

36. The preceding method consists, it is obvious, in finding from 
the conditions of the problem the expression required to be a maxi- 
mum or minimum, and then putting the differential of this expres- 
sion equal to 0. It will be easy to see how we are to proceed in 
similar cases. In the following examples we employ two unknown 
quantities, in order to obtain with more facility the expression re- 
quired to be a maximum or minimum. 
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Ex. 1. Among right triangles of the same hypothenuse to deter- 
mine that which has the greatest area. 

Let a == the given hypothenuse, z one of the sides and y the 
other; then ^^^yt^^*. (jj 

and by the question \xy=i2i, maximum. (2) 
Differentiating this last, and reducing 

xdy'\-ydx=0; (8) 
an equation inyolying both dx and dy. Differentiating, therefore, 
the first equation we obtain 

xdz-}-ydy=0; (4) 
eliminating dx, for example, from (3) by means of (4), we obtain 

x^dy — y'^dyzz^O; 
whence x = y, 

Ans. The two remaining sides must be equal. 
Ex. 2. A tin-smith was ordered to make a cylindrical yessel, 
which should hold a given quantity, a gallon for example, and be 
the lightest possible ; required the proportion between the radius 
of its base and height. 

Let c^ be the required capacity of the yessel, x its altitude, y the 
radius of the base ; then ny^x = c' ; and the surface = Jty* -\- 27tyx. 
And since the tin-plate is of uniform thickness we shall have 
7ty^ -|- 2nyx = a minimum. 
Ans. The height of the cylinder must be equal to the 
radius of its base. 

Ex. 3. Among parallelopipids of the same surface and the same 
altitude, to determine that whose solidity is the greatest. 

Let c' be the given surface, k the given altitude, and x and y, 
respectively, the sides of the base ; then 

2?ix-{-2hy'\'2xy — c''; 

and hxy = a maximum. 

Ans. That in which the base is a square. 
4# 
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We shall return to a more full discussion of the question of 
maxima and minima, as well as to that of the problem of tangents. 



SECTION IV. 

INTEGRAL CALCULUS. 

88. In the preceding problems, the quantities sought enter 
directly into the differential equations formed to aid in their solu- 
tion. We have, in consequence, been able to eliminate the auxil- 
iaries employed, by the processes of ordinary Algebra alone. But 
there are numerous problems, and among them some of the most 
important that can be presented, in which the quantities sought do 
not enter thus directly into the differential equations obtained, but 
only indirectly through their differentials. When this is the case, 
our only resource for the complete elimination of all the auxiliaries 
employed, is to go back, by a reverse process, from the differential 
equations finally obtained to the primitive or finite equations from 
which the differential equations must be regarded as derived. 

Let s' be the quantity sought, and let the differential equations 
first obtained be reduced ultimately to an equation of the form 

ds =f (x) dx ; 
here, the only method by which we can eliminate the auxiliaries 
employed, is to reverse the process by which this equation must be 
regarded as derived from the finite equation which it is our object 
to establish. 

We have already solved for simple algebraic quantities the gen- 
eral question, — Criven a variable quantity to find its element or 
differential. We are now led to a second general question the re- 
verse of this, viz. — Given the element or differential of a variable 
quantity to find the quantity itself, 

39. Since a variable quantity is supposed to arrive at a determi- 
nate magnitude by the successive addition of its differential or ele- 
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Ex, 4. A carpenter has a quantity, a feet, of boards whicli he 
wishes to make into a box, that shall be of the greatest possible 
capacity. What must be the form of the box ? 

By the preceding problem it is evident that the base of the box 
, must be a square ; and it remains only to determine the relation of 
the altitude to a side of the base. 

Ans. The box must be a cube. 

37. From what has been done the following miscellaneous exam- 
ples will now be readily solved. 

Ex. 1. To divide a number 2a into two parts such that the sum 
of the square roots of the parts shall be a maximum. ^ 

Ans. The number must be divided into two equal parte. 

Ex. 2. To divide a given number a into two factors the sum of 
which shall be a maximum. ^ 

Ans. The two factors must be equal. 

Ex. 3. The difference between two numbers is a ; required that 
the square of the greater divided by the less shall be a minim,um. 

Ans.' The greater is twice the less. 

The preceding examples have been solved by the processes of 
Algebra exclusively, Algb. art. 119. Let the learner now compare 
the two methods. 

Ex. 5. A gentleman purchased a garden plot to be set off to him 
in the form of a rectangle, with the single condition that the sum 
of two contiguous sides must be equal to 50 rods. What dimen- 
sions must he take for the sides in order to secure the greatest 
amount of land for his bargain. 

Ans. Each must be equal to 25 rods. 

Ex. 6. A gentleman has a park in the form of a triangle, the 
base of which is a feet; and the perpendicular b feet. In this he 
wishes to make the greatest rectangular garden possible, one of the 
sides of which is to be on the base ; it is required to find how many 
feet &om the vertex the other side must be drawn. 

Ans. -— feet; or the perpendicular must be bisected. 
2 
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The value of the constaDt most, it is evident, be so detennined 
as to be true for every value which can be attributed to the vari- 
ables. In general, therefore, if the constant be correctly determin- 
ed for any one value of the variables, it will be determined for all. 

In the examples whix^h follow we omit the constant. It will be 
recollected, however, that a constant must always be added to the 

integrals obtained. 

dx 
43. Let it be required next to integrate the quantity —5. This 

returns, it is evident, to or^dx ; whence 



/ 



g_/^=-i^=-^. 



In like manner /• <^^ 



/adx 



dx 
I The rule fails in the case where we have — to integrate. We 

shall show hereafter the value of this particular integral. 

To find next the integral of ax^dx. We have 

afx (2a; = — p- sssfoar*. 
In like manner 

Thus, if the differential of a variable be divided by the square 
root of the variable, the integral will be twice the square root of 
the variable, 

COMPLEX QUANTITIES. 

44. The differential of a quantity composed of several terms is 
equal, we have seen (art. 17), to the differential of the several 
terms taken each with its proper sign ; conversely, therefore, the 
integral of a differential expression composed of several differential 
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terms vnU be equal to the sum of the integrals of the separate 
terms, taken each with its proper sign, 

Ez. 1. Let it be required to find the integral of the ftinction 

du = adx r + a^dx, 

fdu =fadx — /— 3 — h/^ ^^ > 

b * 

whence w = aa: -|- -^-^ + \7?. 

Ex. 2. To find the integral of the ftmction 

du = a^dx -\- x^dx -f- -r* 

Ans. u = \a3i^-\-l3? — -z—,. 

45. Let it be required next to find the integral of the Action 
du = {bx -j- ca^ydx. 

Expanding the quantity within the parenthesis and multiplying 
by dx we obtain 

du = b^x'dx + 2bc3r^dx + c^x^dx ; 

whence u = ji V -\- | hex* -\- Ic^a^. 

In general, if a polynomial be of the form (a -|- ^a:-f- cic'..)*^^» 
n being a positive whole number, to find the integral, we raise the 
quantity within the parenthesis to the given power , multiply each 
term by dx, and then integrate each term separately. 
Ex. 1. Find the integral of {a-^-bx^dx. 

Ans. a^x -|- ahx^ -■{- J3 V. 
Ex. 2. Find the integral of (1 + 2a: + ^x'fdx. 

Ans. a: + 2a;' + '^x^ + 3a:* + fa;*. 

46. We have seen, (art 22), that in order to find the diflferential 
of the power of a polynomial, we multiply by the exponent, di- 
minish the exponent by unity, and then multiply by the differential 
of the polynomial. Conversely, therefore, if in a polynomial dif- 
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ferential, the quantity outside the parenthesis is the differential of 
that within ; to find the integral, Increase the exponent of the poly* 
nomial by unity, divide by the exponent thus increased and by 
the differential of the polyno7nial. 

Ex. 1. Thus to find the integral of 3(aa; + a?y{adx -f- 2xdx) 
we have 

, . •, , .^ ,v S(ax + x')^'(adx4-2xdx) 

fS{ax + 2^nadx + 2xdx)^ \i^\^2xl) ' 

= {ax + xy. 
Ex. 2. To find the integral of {a + 3xy6xdx. 

Ans. i{a+Sa^)\ 
Ex. 3. To find the integral of {a-}- x' + x'Y(2x + Sx'')dx. 

Ans. Ka-^-x^ + r'y. 

2. The role is equally applicable, if the quantity without the 
parenthesis is the differential of that within, multiplied or divided 
by a constant quantity. 

Thus, /(a + Sx'yxdx = ^\{a + 3x*)\ 

Ex. 1. Find the integral of {a + bx'Yxdx. 

^ Ans. g^ . 

Ex. 2. Find the integral of (a + ^xydx. 

/d^ , y ^ { X K :, Ans. I (a + Jar)\ 

Ex. 3. Find the integral of (a» — a?')*a?dar. 
,V;> r ;'*'^'.- XN-:^ Ans. — ^(a« — ar«)^ 

Ex. 4. Fjnd the integral of 2(a + iar — cxy(b — 2cx)dx. 

Ans. ^(a'\-bx — cx!^)\ 

3. The rule also applies equally when the exponent of the poly* 
nomial is fractional, positive or negative. 

Ex. 1. To find the integral of (^±^f^^ 

{ax + xy 

yV± 2^. :=/a(a. + .=ri(a+ 2x)dx 
(ax+x^)i , 

= 2a (flw: + xy. 
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Ex. 2. Find ihe integral of {a^ + zYxdx. 



Ans. J(a' + a:')l 



xdx 
Ex. 3. Find the integral of 



(a^ + x^)^' 1 

Ans. (a' + a:')*. 

Ex. 4. Find the integral of 3 {a^ — xyMx. 

Ans. — |(a* — a;*)^ 

Ex. 5. Find the integral of (a + bx^ymxdx, 

Ans. ^{a+bxy, 

Ex. 6. Find the integral of (a + bx^)'^3f*-'dx. 

Ans. i^+A^!)"--. 

The preceding rules are sufficient for the integration of the more 
simple Algebraic functions. We shall now apply them to the so- 
lution of some problems. 



SECTION V. 

APPLICATION OF THE INTEGRAL CALCULUS TO THE SOLUTION 
OF PROBLEMS. 

47. We are now prepared for the complete solution of the prob- 
lem with which we commenced (art. 2), viz. . 

To find the space through which a body, acted upon by gravity, 
will descend in a determinate time. 

Putting dt for the infinitely small element of the time, and ds for 
the corresponding element of the space, we easily obtain, in the 
manner already explained, an equation for the problem, yiz. 
dsz=zgtdt, (1) 
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in which 5, the quantity sought, enters only by its differential ds which 
with dt is employed as auxiliary to the establishment of the equa- 
tion. To eliminate the auxiliaries ds and dt^ we must now go back, 
by a reverse process, from the differentials of which the equation is 
composed, to the finite quantities from which they are derived and 
the relation of which we wish to determine. In other words, we 
must apply to this equation the process of integration, for which we 
have obtained the necessary rules. Performing the operation we 

^^^ s=lgf-\.C. (2) 

To determine the constant C, it will be observed that when ^ = 0, 
we shall have, also, s = 0. That is, there will be no constant to 
be added ; and we shall have finally 

s=igt\ (3) 

Thus the space through which a body, acted upon by gravity, 
will descend in a given time is equal to the square of the time 
multiplied by J^, g being the velocity acquired by the body in 
the first instant of time, and found by experiment to be 32.2 feet 
nearly. 

It will be easy to see the part performed by the Calculus in the 
solution of this problem. We pass next to some problems relative 
to the determination of areas, the volume and surfaces of solids, 
and the rectification of curve lines. 

QUADRATURE OP CURVES. 

48. l?he quadrature of a curve consists in finding for it an 
equivalent rectilineal area. When this can be done in a limited 
number of finite terms, the curve is said to be quadradle, and may 
be represented by an equivalent square. 

Prob. To find the area of a plane curve referred to rectan- 
gular co-ordinates* 
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Let AP'M' be the curve surface 
whose area is sought. Let PM be 
any ordinate of the curve, and AP 
the corresponding abscissa. Let Pp 
be the infinitely small increment or 
differential of the abscissa AP. Draw 
the ordinate pm. Then Pj?7wM will be ^ •'^ ' ^ 
the infinitely small increment or differential of the surface APM, 
corresponding to the increment Pp of the abscissa AP. But Pj? 
being infinitely small, M?w will, also, be infinitely small. And the 
curve being considered a polygon of an infinite number of infinitely 
small sides, M??z may be regarded as one (Jf these sides, and the 
figure Pj!?;/iM will be a trapezoid. Putting A for the area sought, 
AP = 2:, PM = yy we shall have 

... PM + WTTz^^^ ^y-X-dy^^ ^ . , dyix 

d±= — I-i— XP/?= ^^ ^ Xdx = ydx + -^—. 

But dydz is an infinitely small quantity of the second order com- 
pared with ydxy and should, therefore, be struck out. We shall 
have, then, for the equation of the problem, 

dA = ydx. (1) 

The equation to .the curve being given, we shall next be able to 
find the value of y in terms of or, or the value of dx in terms of y 
and dy. Substituting either of these values, that of y for example, 
in equation (1), we may then, by the process of integration, elimi- 
nate the auxiliaries employed, and the problem will be completely 
solved. 

Ex. 1. To find the area of the common parabola, the equation to 
which, p being the parameter, is ^ =px. 

Deducing the value of y from this equation, we have 
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whence by substitution in the expression for dA^ 

dA = 
taking the integral we obtain 



dA = pK^dx; (2) 



A = -^p^J+C. (3) -^J^^j-^C 



To determine next- the constant, if we put a: = 0, the surface A 
will be ; whence the constant C = 0, and we have for the cor- 
rected integral 9 i a 

A = -=-pV; (4) 

which gives the surface reckoned from the point A, or from the 
vertex of the parabola! 

49. Let it now be supposed, which is the most frequent case, 
that we wish to find the value of the surface between certain limits, 
as the area PM M'P' comprised between the ordinates PM, PM', 
X for which we have, as corresponding values of a;, a: = a, a; = ^. 
Substituting a and b successively in the indefinite integral (3) and 
subtracting the former of the values thus obtained from the latter, 
we obtain, still retaining A to indicate the area sought, 

A=|-pM+C--|-py— C=|-pV— «'). (5) 

When the value of an integral is taken between two successive 
values a and b of the principal variable, the original expression is 
said to be integrated between the limits a; = a, x = b; and the 
integral, thus obtained, is called a definite integral* 

Thus the value of A, obtained in equation (3), is an indefinite 
integral ; that obtained in (4) a corrected integral, and that obtain- 
ed in (5) a definite integral. 

In the process of finding the definite integral the constant is 
necessarily eliminated by the subtraction. In general, if we wish 
to make the constant disappear, we give two successive values to 
the independent variable, and take the difference between the two 
integrals corresponding to these values. 

'^' 3 \ ^ 



J a 



QUADRATURE OP CURVES. 53 

To indicate integration between limitg, or that the definite inte- 
gral is required between the limits a; s= a, a: = 3, for example, 

we write the letters a and h with the sign of integration thus, / . 

If, &r example, the integral of the quantity itx^dx is required be- 
tween the limits 2; =s a, 2; = &, we have 

'^ na^dx = lnh^ — \na? = \n (i» — a^). 

50. Let us take next the general equation a*~*y = a:*, which 
represents the whole family of parabolas. ij^-^l"^ 

We obtain in the same manner as above, the area being reckoned 
from the vertex, -1^ ^n+i 

or, substituting y for its value from the equation, 
. 1 

From this result, it will be seen that all 'parabolic areas are 
quadraJbU^ that is, they can be expressed in terms of the co-ordi- 
nates X and y. They are also a determinate part of the circum- 
scribed parallelogram expressed by the fraction — j— = . Thus, in 

71+ 1 

the common parabola w = J ; whence A = \xy \ or the area, as we 
have before seen, is equal to two-thirds of the circumscrihed par- 
aRelogram, 

If 71 =1, the parabola becomes a right line, and A = \xy^ the 
area of a triangle in which x is the base and y the altitude. 

61. The quadrature of the parabola was discovered by Archi- 
medes, and his solution is memorable as being the first complete 
one for the quadrature of any curve. A comparison of the methods 
pursued by him to attain this object with the solution we have just 
obtained, will strikingly exhibit the aid we derive from the Calcu- 
lus. We proceed to some additional examples of quadratures. 
5* 
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Ex. 8. Find the area of the curve y =55+ {^ — ^r between 
the limits a; = 3, a: = 12. Ans. 63. 

Ex. 9. Find the area of the curye ys=aaa^. 

Ans. Ixy. 

II. CUBATURB OV SOLIDS. 

52. The cubature of a solid is the finding its solid contents, or 
the cube to which it is equal. 

To find the volume or solid contents of a solid of any form, we 
consider the solid as made up of an infinite number of infinitely 
thin parallel segments, any one of which may be regarded as its 
element or differential. 

Peob. 1. To find the volume of a solid of revolution, 

B 

Let the solid be generated by the 

revolution of the curve AB about 
AX, the axis of or, taken as the axis 
of revolution. Let AM be any arc 
of the generating curve, AP == a:, 
PM = y. k ^ P X 

The area of the circle which has PM for its radius is v*^ ; and 
if this area be multiplied by dz = Pp, we shall have the volume 
of an infinitely thin segment of the solid, which will be its element 
or difierential. Putting V = the whole volume of the solid, we 
liave dY = ny'dx, (1) 

which will be the differential equation for the problem when the 
curve is revolved about the axis of x. If the curve is revolved 
about the axis of y^ we obtain in like manner for the equation 
dN=nx^dy, (2) 

It will be easy to see how we are to- proceed to the complete 
solution of the problem in any particular case which may present 
itself. 

Ex. 1. As a first example, let it be required to find the solidity 
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of a prolate spberoid, or that formed by the reyolation of an ellipse 
about its major axis. ^ 

From the equation of the ellipse referred to the centre, viz. ^ 
Ay -f B V = ATB*, we obtain 

B» ! 

substituting in the general equation (1), we obtain for the ellipsoid 
whence by integration and reduction ^ 

Estimating the solidity from the plane passing through the central .^ 

we have for a: = 0, Y = 0, and consequently C = ; whence, /. 

taking the integral between the limits a: = 0, a; = A, we obtain j 

V=i7rB'xA; '^ 

whence, doubling to obtain the whole ellipsoid, . 

2V = i,rB»X2A. I 

But nW expresses the area of the circle described on the conju-; :^ 
gate axis, and 2 A is the transverse axis ; hence the solidity i^ 
equal to two^thirds of the circumscribed cylinder, { 

If we suppose A = B, we shall obtain the solidity of the sphere ; « 
= §^R* X 2R, R being the radius of the sphere. | . 

Ex. 2. To find the solidity of an oblate spheroid, or that genera- 
ted by the revolution of an ellipse about the minor axis. 

Substituting, in the general equation (2), the value of a;' derived 
from the equation of the ellipse, we have for the required equation, • 



and we find aa above n 

or, the solidity equal to two-thirds the circumscribed cylinder. 



2V = -3-^A»x2B, 
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Ex. 3. To find the solidity of a paraboloid, the equation to the 
parabola being y* = 2px, 

Proceeding as above we obtain 

Beckoning from the vertex the constant will be 0. And if we in- 
tegrate between a: = 0, x=h,yre obtain 

Patting b = the ordinate corresponding to h, and substituting for p 
its value, derived from the equation 3' = 2ph, we obtain 

that is, the solidity is equal to half the cylinder of the same base 
and altitude. 

Ex. 4. To find the solidity of a right cone with a circular base, 
the equation to the generating triangle being y = ax. 

Ans. Area of the base into one-third the altitude. 

Ex. 5. To find the volume of the solid generated by the revolu- 
tion of the cubical parabola, ^=: cx^ about its axis. 

Ans. Three-fifths of the circumscribed cylinder. 

53. From what has been done, it will be easy to see how we are 
to proceed in other cases. 

Pkob. 2. To find the volume of a solid other thari that of revo' 
lutio7i. 

Ex. 1. Let it be required to find the solidity of a triangular 
pyramid. 

Let b^ represent the area of the base, h the altitude of the pyra- 
mid, and X any distance from the vertex. The area of the section 

at the distance x will be —j-, and we shall have 

dY=t^dx, 

from which we find the whole solidity equal to the area of the base 
by a third of the altitude. 



58 



THE CALCULUS. 



Ex. 2. To find the solidity of the groin. 

The groin is a solid generated by a variable rectangle, the plane 
of which moves always parallel to itself. 

Let the variable rectangle be a square ; and let the two co-ordi- 
nate sections perpendicular to the base through the middle of the 
opposite sides of the square be equal semicircles. Let A be the 
vertex of the groin, x the distance, from the vertex, of any section 
parallel to the base, and y^ = 2az — x^ the equation of the circle 
referred to A as the origin. We shall find for the element 

dY = 4:{2ax — x'')dx, 
Taking the integral between a: = 0, a; = c, we obtain 

The problems to which we have thus far attended have been 
solved either by aid of the Differential Calculus alone, or the Inte- 
gral Calculus alone. We now proceed to others that will require 
the aid of ))oth. 

III. EECTinCATION OP CUBVE LINES. 

54. To rectify a curve line is to determine its length, or to assign 
a straight line which shall be equal to it, or to any proposed arc 
of it. When this can be done in a limited number of finite terms> 
the curve is said to be rectifiable, 

Prob. To deterviine the length of any arc of a curve in terms 
of the co-ordinates of its extremities. 

Let AM be the arc, AP = x 
PM = y. Regarding the curve 
AM as a polygon of an infinite 
number of sides, let Mttz be one 
of these sides ; Mt^ will be the 
element or differential of the arc 
AM. Let AM == z, then Mttz = 
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Draw the ordinate pmt and draw Mr parallel to Ap ; then 
Mr = dx, rm = dy, and we have 

dz = {dx'^df)K 
for the differential of any arc of a curve. 

55. As a first example let it be proposed to find an expression 
for the rectification of the parabola, whose equation is y^ = ar'. 

Deducing the value of x from this equation, differentiating, and 
squaring, we obtain 

4 a 

substituting in the general equation, we have 



or 

whence by integration 

z 






the indefinite Integral. To find the value of the constant, we reckon 
the arc from the vertex ; which gives y ==0, z = ; whence 

8a 
'27' 
and we have for the corrected integral 



or C= — ^, 



8a/ 9y\i_8f5 
'27\ +4a/ 27* 



If we now wish to determine the value of the arc between cer- 
tain limits, y = bf y = c, for example, we put, in the indefinite in- 
tegral, y = bj y:=-Cf successively ; and subtracting the former of 
these values from the latter we obtain the definite integral sought. 
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56. This curve is remarkable as being the first, the rectification 
of which was found. The discovery alone was sufficient to give 
celebrity to the name of Neil, an English Geometer, by whom, in 
about the year 1660, it was made. The problem is well adapted 
to illustrate the nature and power of the Calculus. As in the case 
of the problem of tangents, we remark, 

1°. It is impossible to .establish directly the relation between 
the arc, whose length is sought, and the co-ordinates of its extremi- 
ties. Thus the resources of Algebra fail to fiimish an equation for 
the problem. 

2°. But the relation between the differential of the arc and the 
differentials of the co-ordinates, the auxiliaries introduced by the 
Calculus, is readily established; and thus an equation for the 
problem is very easily obtained. This is 

dz = (dx'-{-dy')^. . (1) 
3°. By aid of the Differential Caladus we are enabled to elimi- 
nate one of the indeterminates dx, which gives 



dz = dy(l+^^K (2) 



4°. By aid of the Integral Calculus^ we are then able to elimi- 
nate the remaining indeterminates dz^ dy ; and we thus obtain, 
finally, an equation free from the indeterminates, or auxiliaries em- 
ployed, and in terms of the finite quantities given by the conditions 
of the problem. This is 



_8a/ %\i_8a 
27\ "^W 27' 



(B) 



and the problem is thus completely solved. 

We see in this problem also the peculiar province of the Calculus. 
It consists, 1°. In the introduction of certain auxiliary quantities, 
in order to fiicilitate the forming the equations of the problem. 2°. 
In deriving the auxiliaries in such a manner from their primitives, 
the quantities under consideration in the problem, that, after having 
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performed their office, their elimination, in virtue of the law of 
their derivation, is readily effected, and a solution of the problem 
is thus obtained in finite and determinate terms. 

57. From what has been done, it will be perceived that there are 
three classes of questions which we have to consider in the Calculus. 
1®. Those which can be solved by aid of the Differential Calculus 
alone. 2^. Those which can be solved by aid of the Integral Cal- 
culus alone. S°. Those which require the aid of both ; the Differ- 
ential Calculus being necessary to prepare the equations for the ap- 
plication of the Integral Calculus. This latter class is by far the 
most numerous, or the general class. 

IV. SURFACES OF SOLIDS. 

68. We pass next to the quadrature of the surfaces of solids. 

pROB. Let the surface be that of a solid of revolution. 

Let AB be the generating curve, 
AX the axis of revolution. Regard- 
ing the curve as a polygon of an in- 
finite number of infinitely small sides, 
let M??;, as before, be one of these 
sides. In the revolution of the arc 
Am, M?^ will describe an infinitely A. r p A 

small zone or surface which will be the element or differential of 
the surface of the solid. 

Employing the same notation as before, the circumference of the 
circle which has PM or y for its radius will be 27ty. We have 

already found Mw = (dx^ + dy^y. We shall have, therefore, for 
the surface of the zone 2ny (dx^ -\- dy^y. Putting S for the whole 
surface, we shall have, then, for the equation of the problem 

d^ = 2ny{d£'^df)^. (1) 

59. Ex. 1. Let it now be proposed to find the surface of the pa- 
6 
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raboloid, or the solid produced by the revolution of an arc AM, i 
of a parabola about its axis. 

From the equation of the parabola y' == 2pXy we obtain 

P 
Substituting this in equation (1) we obtain 

d8r=^ydy(f+p')h (2) 

whence by integration 

S = |(y' + /)'+C; (3) 

and taking the integral between the limits y = 0, y = i, we have 

S = g[(*' + /P-l'^- (4) 

Ex. 2. Let it be proposed next to find the surface of the sphere. 
The equation of the circle, referred to the ceiltre as the origin, is 

x' + f = -R\ 
Differentiating, substituting and reducing, we obtain 
dS = 2nndx; 
whence by integration S «= 2nB.x -}- C, 

Taking the integral between the limits a: = 0, a; => R, we have 
S = 27rE^; 
and between the limits a:= 0, a: = — R, 
S== — 27iR^ 

The sign — in this second expression, which is perfectly symmet- 
rical with the first, shows merely that the two parts represented by 
them are situated on opposite sides of the plane passing through 
the centre. Adding these without reference to their signs, in order 
to obtain the whole surface, we have 

2S = 47rIl2 = 27rIlx2R, 
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that is, the surface of the sphere is equal to four great circles^ or 
equal to the curved surface of the circumscribed cylinder. 

Ex. 3. To find the surface of the parabolic conoid, the equation 
of the generating curve being y^ = ^ax. 

Ans. ?7ra^[(a: + a)^ — a']. 



SECTION VI. 

SUCCESSIVE DIFFERENTIALS, DIFFERENTIAL COEFFICIENTS. 

60. We have now seen the aid which may be derived from the 
use of the auxiliaries already introduced by the Calculus. The 
same artifice, it is obvious, may be repeated at pleasure. Thus, 
when the nature of the problem is such, that an equation for it 
cannot readily be obtained by means of the auxiliaries first em- 
ployed, we may regard these auxiliaries, in their turn, as primitives 
and introduce a new set of auxiliaries in relation to them, in the 
same manner that they have been introduced in relation to the 
primitive quantities which enter originally into the question ; and 
so on. The only condition on which this successive and increasing 
number of auxiliaries may be employed is, that we have the means 
of their final elimination, so that the result shall be left in finite 
and determinate terms. 

For a second set of auxiliaries, therefore, we employ the difiier- 
entials of those first employed ; the latter being regarded, in their 
turn, as variable, and composed also of elements infinitely small in 
relation to them. The differentials thus obtained are called second 
differentials. In like manner we employ, as the exigencies of the 
problem may require, the differentials of the second differentials, or 
the third differentials, and so on. 

To indicate the second differential we repeat the letter d before 
its first differential, thus ddx} or which is better, by placing a figure 
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2 by the side of the d first employed, in the manner of an exponent. 
Thus d}x indicates the second difiiBrential of a:, and is read second 
differential of x. In like manner d^x indicates the third differen- 
tial of X ; and so on. 

61. Let us now see the manner in which these successive differ- 
entials are obtained. 

The successive changes of a variable quantity may each be infin- 
itely small and yet be unequal. For, as we have seen, though, the 
magnitude of two infinitely small quantities cannot be assigned they 
may bear to each other any ratio whatever. 

Let us, then, consider a variable quantity in three successive 
states infinitely near each other. If x represent the first, the three 
will be represented as follows 
1st. state X' 
2d. x + dx 

3d. X -{- dx -{- dx -^^ d {dx\ 

in which d{dx) represents the differential of dx and is infinitely 
small in relation to it. 

If we now subtract the first of these from the second, we have 
for the result dx. If we subtract the second from the third, the 
result will be dx-\-d{dx). Thus we have for two successive dif- 
ferentials ^^^ and dx + d(dx) ; 

subtracting next the first of these from the second in order to obtain 
the second differential, we obtain 

d'^x = d(dx). 

To obtain, therefore, the second differentials, we differeritiate the 
first differentials according to the rules already given, 

Ex. 1. Let it be proposed, as an example, to find the second dif- 
ferential of xy. Taking the first differential, we have 
d{xy)=xdy'\-ydx; 
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regarding next dx and dy as yariables as well as x and y, and dif- 
ferentiating again, we obtain 

<i* (xy) = xd^y -|- 2dxdy -}- yd^x, 

Ex. 2. To find the second differential of x^. Proceeding in like 
manner we obtain 

The learner will carefully distinguish between the notation d^x 
and dx^ ; the former denoting that x has been differentiated twice, 
and the latter indicating the square of dx^ or the square of the first 
differential. 

62. We proceed in like manner to differentiate a quantity con- 
taining first differentials, whether itself the result of an exact dif- 
ferentiation or not. 

Ex. 1. To find the differential of xdy, 

d{xdy) = xd^y -j- dxdy. 

Ex. 2. Find the differential of ^. Ans. ^ — ^. 

X X TT 

dx d^x dxd^y 

Ex. 3. Find the differential of -r-. Ans. -3 3-/. 

dy dy df 

"We proceed in a manner altogether similar to find the third, 
fourth, &c. differentials. 

63. The differential equation dy ==/' (x) dx^ derired from an 
equation y=f{x) between two variables y and x, determines, as 
we have seen, only the relative value of the differentials dy and dx. 
We may impose, therefore, upon one or the other of these differen- 
tials any condition or restriction not incompatible with the equation 
by which they are connected. It is usual to assign a constant 
though indeterminate value to one of the differentials. This will 
greatly simplify the calculations in which these differentials occur. 
For the differential of a constant being 0, all the terms affected 
with the second differential of the variable, the first differential of 
which is regarded as constant, will be 0, or disappear, 

6* 
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Ex. Find the successive diflferentials of the function y = clx^, on 
the supposition that dx has a constant value. 

dy =5ax*dz 
d^y = 20ax''dx'' 
d''y=:60ax^dx'' 
d*y=^l20axdx* 
d'y=l20adx\ 

Here the operation terminates, since the last differential no longer 
contains x. In general the differentiation will terminate with that 
differential of the function which no longer contains the variable. 
Thus if X be the variable, ax^ will admit of two differentiations, ax^ 
of three, and so on. 

In an equation between two variables, that is the independent 
variable whose first differential is assumed to be constant. 

DIFFERENTIAL COEFFICIENTS. 

64. In the expression dy = 5ax*dx, found above, the coefficient 
5ax* determines the relation between the differential of the function 
and that of its variable ; that is, dy is equal to 6ax* times dx, or 

dx 
In like manner the second differential of the function is 20ax^ 
times dx^f or ^2« 

dx^ 

The quantity which expresses the ratio between the differential 
of the function and that of its variable is called the Jirst differen- 
tial coeffjjcient. That which expresses the ratio between the second 
differential of the function and the square of the differential of its 
variable is called the second differential coefficient , and so on. 
Thus 5^3?* is the first differential coefficient of y= ax^, 20ax^ "is 
the second differential coefficient, 60 ax^ the third, and so on. 
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The successive differential coefficients are commonly read thus, 
du by dz^ second du by dj^ ; and so on. 

Ex. 1. To find the successiye differential coefficients of the func- 
tion u = (vx? — h:i^ '\-cx — c. 

Ans. -r- = 3aa;' — 2hX'\'C 
dx ' 

g = 6aa:-23 

d^u . 

Ex. 2. Find the fourth differential coefficient of 8a:*— 3a;'— 5a:. 

Ans. 192. 

Ex. 3. Find the third differential coefficient of the function 
u == aa;*. Ans. n(n — 1 ) (ti — 2) aa;''"^. 

In some cases, it is more convenient to employ the differential co- 
efficients, instead of the differentials of the functions it is required 
to consider. 

PARTIAL DIFFERENTIALS AND DIFFERENTIAL COEFFICIENTS. 

65. We have sometimes occasion to differentiate a function with 
reference to a part only of the variables which enter into it. 
The result is called a partial differential. The differential co- 
efficient, supposing one of the variables only to change its value, 
is called a partial differential coefficient. 

Ex. 1. Let it be required to find the differential coefficients of 
the function u = ary^, in relation to x and y severally. 

Considering first x to vary and y to remain constant, and then y 
to vary and x to remain constant, we shall have for the partial 
, differential coefficients sought 

£ = %'-(!). 1=2.^. (2) 

2. Let it next be required to find the differential coefficients of 
these last in relation to y and x respectively. 
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Considering in the first x and dx as constant, and in the second 
y and dy as constant, we obtain 

The order in which the differentials appear in the denominator 
indicate the order in which the operations have been performed. 

66. Since we return from the differential coefficient of a i^ction 
to its differential by simply multiplying the coefficient by the dif- 
ferential of the variable, we may represent the differential of a 

du 
function u =f{x) by the notation -j-dx. Thus the partial differ- 

du 
entials of the ftmction u =f{Xy y) will be expressed by -r- dz, 

— dy respectively. And since the total differential of a function is 

equal to the sum of its partial differentials, we shall have for the 
total differential of a function u =/(a:, y) 

the du on the left being inclosed in a parenthesis to indicate that 
the total differential is meant. 

67. Instead of the preceding notation, a partial differential may 
be indicated by placing, by the side of the d and a little below it, 
the letter with reference to which the differentiation is made. Thus 
dxU indicates that u is differentiated with reference to x only ; dyUy 
that it is differentiated with reference to y only. 

For the total differential we shall have docd^Uf &c. or more simply, 
(du). To indicate the differential coefficient we may write, in like 
manner, the letter c by the side of the d and a little below it. Thus 
dcU represents, generally, the differential coefficient of u ; dc^cU its 
differential coefficient with reference to x only. 

A function u and its variable x are sometimes not given in the 
same equation. Thus let there be the two equations of the form 
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u^f{y), y:=((>(x), for example. To find the differential co- 
efficient of urn relation to x, the method which first presents itself 
is to eliminate the y between the equations, before applying the pro- 
cess of differentiation. The differential coefficient may be obtain- 
ed, however, without this previous elimination in each particular 
case. Differentiating the equations u=f(y)y y=(p(x), represen- 
ting by f\y\ <p'{x) the coefficients of dy and dx respectively, 
substituting and dividing, we obtain 

du ^,. . ^ - .,, . du du dy 

The formula (2) will be found of frequent use hereafter. In 
general, it will be observed, that if three quantities are mutually 
dependent upon each other, the differential coefficient of the first 
regarded as a function of the third, will he equal to the different 
tial coefficient of the first regarded as a function of the second, 
multiplied by the differential coefficient of the second regarded 
as a function of the third, 

Ex. Let V = bu^f u = ax^. To find the differential coefficient 
of V considered as a function of x, we have 

^ = ^ .^=.2bu' X 2ax = 6abu*x = 6a'bx^. 
dx du dx 

68. If in the equation u=f{Xf y), we have w=0, then (Zw=0, 
and from equation (1) we have 

du . du ^ 

, dy du _^du .^v 

dx dx ' dy 

By means of this formula we may readily find the differential co- 
efficient of an implicit function, /(a:, y) == 0, without resolving the 
equation. To apply the formula toe put the function = u, take 
the differe7Ltial coefficients in relation to x and y respectively, di" 
vide the former by the latter and change the sigii of the quotient. 
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Ex. 1. Find the differential coefficient of the function 
y^ — 2mxy +3^ — 0^ = 0. 

Ans. ^= ^y-^ 
dx y — mx 

Ex. 2. To find the differential coefficient of the fiinction 

y'' — Saxy'\-x^=0. ay — x^ 

Ans. -~ . 

y"" — ax 

The differential coefficient, as in the preceding examples, will 
be usually expressed in terms of a: and y. If the coefficient is de- 
sired in terms of x only, y may be eliminated by means of the 
original equation. 

Ex. 3. To find the differential coefficient of the ftmction ar* -j- 
^ — R' == 0, in terms of x only. x 



(x^—'R')^' 

■»• Ex. 4. To find the differential coefficient of the ftmction 
y^ + 2xy + x^^a'c=z0. 

Ans. — 1. 
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APPLICATION OP THE DIFFERENTIAL CALCULUS TO THE DEVELOPMENT 
OP FUNCTIONS. 

69. A function is said to be developed, 1°. when the operations 
indicated are performed, or, 2°. when for these are substituted 
equivalent operations upon quantities more simple, and which fol- 
low each other according to some determinate law. 

The means of developing by some simple process a complicated 
junction, is a matter of great importance in the business of calcula- 
tion. Algebra has furnished, in the Binomial Theorem, important 
aids to this purpose for all functions of the form y = (a -[- a:)**, n 
being any number entire or fractional, positive or negative. 
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By means of this theorem we obtain with great facility the de- 
velopment required in finite and determinate terms, when the exact 
development is possible ; or, when this is not the case, in a series 
of such terms following each other by an obvious law, by means of 
which the development may be obtained with such degree of ap- 
proximation as we please. 

The Differential Calculus enables us to prepare other theorems 
for this same general object, more comprehensive and important. 
To some of these we shall now attend. 

maclaurin's theorem. 

70. To begin with the most simple case, let y=s(p(x),he a func- 
tion of one variable. The function when developed must, it is evi- 
dent, contain different powers of x combined with the constants 
which enter into it. As the most simple form, let us now see if the 
function can be developed according to the ascending powers of x. 

Supposing the development possible, let us put 

3^ = A + B:c + CV + Dx^+ (1) 

A, B, C, &c. being, respectively, the coefficients of x, which we are 
now to determine in such a manner that the development will be 
true, whatever value we assign to x. 

Differentiating successively, and passing to the differential co- 
efficients, we obtain 

2 = B + 2Ca; + 3Da;» + 4E^^ + &c. 
^=2C+2.3Dar+3.4E;c^ + &c. 

^ = 2.3D + 2.3.4Ex + &c. 

Now since the development is required to be true for every 
value of X, it must be true for the particular value x = 0. Let 

'then {y) represent what y becomes when a: = 0, l-^j what -^ 

\CcXy CLX 
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becomes on the same hypothesis, and so on ; we shall then have 
W=A,(|) = B,(g) = .C,@)=..8.I.,*.. 

whence by substitution in equation (1) 

'='"+(l)'+5(S)''+2^(g)'-+--« 

71. Such is the Theorem of Maclaurin, We will now apply 
it to a few particular cases. 

Ex. 1. Let it be required to develop y = according to 

the ascending powers of ar. v "T ^ 

We obtain for the successive differential coefficients 

dy____J: d'y_ 2 d?y__ 2.3 

whence making a; = 0, and substituting in the general formula (2), 

we obtain 1 1 x , s^ x^ , ^ 

a-^-x a a' ^ a? or ^ 

Ex.2. Develop y== (a'-}-ia:)2, according to the ascending 
powers of x. 

We have for the successive differential coefficients 

&c. = &c. 

Putting in these results x==0, restoring the denominators, and 
substituting in the general formula (2), we obtain 
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Ex. 3. Let us take, as a third example, ^ = (a -}- a:)"*. 
We have for the successive differential coefficients 



,-_7w(?7i— 1) (ot — 2)(a + 2)"^'; &o. 



fy 

Substituting, as before, we obtain 

777 — J, 

{a + a:)"* = a** -}- moT^^ X'\-m — ^ — a"*""* a?' -j- ^c* 

or the Binomial Theorem. Thus the theorem of Maclaurin com- 
prehends the Binomial Theorem. We shall make more important 
applications hereafter. What has been done is sufficient to show 
the nature of the theorem and the utility of the Calculus in ob- 
taining it. 

The theorem of Maclaurin has been obtained on the suppoBition, ' 
that when a: = 0, the function reduces to 9k finite quantity. YHien 
this is not the case the theorem cannot be employed for the develop- 
ment of the function. 

This valuable theorem was discovered by Sterling in 1717, but 
appearing first in a work on Fluxions by Maclaurin, it has usually 
been attributed to him, and has gone by his name. 

Taylor's theorem. 

72 . As a second example of the use of the Calculus in the prep- 
aration of formulas for the development of functions, we proceed 
to investigate a theorem for the development of a function of the 
sum or difference of two variables. 

In order ^ this We remark that, if we have a function of the 
sum or difference of two variables x and y, the differential coeffi- 
cient will be the same, whether we suppose x to vary and j^ to re- 
7 
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main constant, or y to vary and x to remain constant. For exam- 
ple let the function be 

Differentiating, supposing x to vary and y to remain constant, we 

— = n{x-\-yY K 

Differentiating in like manner, supposing y to vary and a: to re- 
main constant, we have 

du ' / , V 

in which the differential coefficient is obviously the same, as on the 
first supposition. 

This being premised, let w'=/(a:-|-y) be the proposed func- 
tion, in which y is either positive or negative ; and let u=z f{x) 
represent the value of the function when y = ^. 

The development will consist, it is evident, of terms in x, y and 
constants ; and it is proposed to obtain the development i n terms of 
x and the ascending positive powers of y. Supposing the develop- 
ment possible, let us put 

2.'=A + By + Ci/^ + Dy^+&c. (1) 

in which the coefficients A, B, C, &c. are independent of?/, but de- 
pendent upon x and the constants which enter into the primitive 
function. It is now required to find for these coefficients values 
such, that the development will be true for all possible values which 
may be attributed to x and y. 

Differentiating equation (1), on the supposition that x varies and 
y remains constant, and dividing by dx, we shall have 

du' dA , dB t dG o t 

Differentiating again, supposing y to vary and x t^ remain con- 
stant, we obtain 

P = B + 2 Cy + 3 Dt/' + &c. 
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But by the preceding principle we have 
dn' du' 

hence we shall have 

Bat since the coefficients of this series are independent of y^ and 
the equality exists whatever the value of y, it follows that the 
terms which involve the same powers of y in the two members must 
be respectively equal. We shall have, therefore, 

^=B(3);f = 2C(4),f=3D(5);&c. 

If now we make y = in the proposed ftmction u =f{x -}- y)» 
since we have put f{;x) = u, we shall have A. = u. 
Substituting for dA in (3) we have 

B = |; (6) 

substituting next for <iB in (4) its value derived from (6) we obtain 

p 1 dru 

"172 d?' 
In like manner we obtain 



and so on. ^-^-^ ^^'' 

Substituting next in (1) the values of the coefficients A, B, C, Ac. 
thus obtained, we shall have finally 

in which if y is negative the signs of the alternate terms will be 
changed. We have thus reached the theorem required. 

This theorem was first given by Dr. Brook Taylor, and for that 
reason it is called Taylofs Theorem. It is of the greatest value 
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in the development of functions. On another account, however, a 
higher interest is imparted to it. It is susceptible, though with far 
less facility, of being demonstrated by common Algebra. And being 
thus derived, Lagrange has made the whole structure of the Calcu- 
lus to rest upon it. 

73. We shall now show, in a few simple examples, the applica- 
tion of this theorem. ' 

Ex. 1. To develop the function tC = (2; -f- y)^. 

In this case u will be equal to a;^, and we shall have 

dx—^"" ' dx'— ^"^ ' dx' — ^'' '^^' 

Substituting these values in the theorem and restoring denomina- 
tors, we obtain 

(. + ,) --+2^^ 8,1+16 J '*" 

Ex. 2. To develop the function (x-\-yY, 

Ans. The same as by the Binomial Theorem. 

Ex. 3. The theorem of Taylor may be applied to the develop- 
ment of the function u =f{x), when x receives an arbitrary in- 
crement k and becomes a: + A. To obtain the development we have 
only to substitute A for y in the formula. 

74. In the demonstration of Taylor's Theorem we have supposed 
the coefficients A, B, C, &c. of y and its powers to hejinite quan- 
tities, in order that the corresponding terms in both sides of equa- 
tion (2) may be equated. If then such a value be assigned to the 
principal variable as to make any of these coefficients infinite, the 
theorem will not hold good ; or, in other words, for that particular 
value it is said to fail. 

Other theorems still more comprehensive, as those of Lagrange 
and Laplace, have been derived, by aid of the Calculus, for the de- 
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yelopment of ftinctions. The subject is one of the greatest impor- 
tance. But our limits will not permit us to proceed fiirther. 



SECTION VIII. 



APPLICATION OF THB DIFFERENTIAL CALCULUS TO THE PBOBLEM OF 
MAXIMA AND MINIMA. 

75. We return to the problem of maxima and minima. In the 
examples thus far considered, we have assumed that the quantity 
proposed admits of a maximum or minimum, as the enunciation of 
the problem implies. The process, we have seen, is precisely the 
same, whether it be the one or the other which is required. Some 
means must, therefore, be found, by which to distinguish one of 
these cases from the other. To this we now proceed. 

A quantity, it is obvious, may go on increasing continually, in 
which case it will have infinity for its maximum ; or it may de- 
crease continually, in which case it will have infinity negative for 
its minimum. It is usual, however, to exclude these cases and to 
define a maximum and minimum as follows. 

1°. If a variable quantity gradually increases until it has reach- 
ed a certain magnitude and then gradually decreases, at the end of 
the increase it is called a maximum. 

2°. If a variable quantity gradually decreases until it has reach- 
ed a certain magnitude and then gradually increases, at the end of 
the decrease it is called a minimum. 

The characteristic of a maximum, then, is, that it is greater than 
the values which immediately precede and follow it ; and of a mini- 
mum, that it is less than the values which immediately precede and 
follow it. 

By means of this characteristic, when a quantity is susceptible 
of a maximum or minimum, we are able to determine whether it 
has the one or the other. 
7# 
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Ex. 1. Let the quantity he Sx — x^; to determine its maximum 
or minimum. ciiff . ^ -h^ . u d , 

Applying the process already explained we have 
rf(8a; — a;') = 0; 
whence a: = 4. The proposed has, therefore, a maximum or mini- 
mum for a; = 4. To determine which we substitute values for a:, 

as follows 

For a;=l, &x — x^= 7 
a; = 2, 8a; — a:'=12 
x = 3, 8x — x*=l5 
a: = 4, 8a: — a;' = 1 6 maximum. 
a; = 5, 8a; — x^= Y5 
a; = 6, Sa; — a:* = 12 
x = 7, 8x — a^= 7. 
Here, as we substitute successive values for ar, the values of the 
proposed increase until we reach 16, after which they decrease. 
The value 16 is greater than those which immediately precede and 
follow it. The quantity is, therefore, a maximum when a; = 4. 

For a closer substitution let a; = 3. 9, for y^hich we obtain 8a: — 
a:'=15.99; and again let a; = 4.1, for which we obtain also 
15. 99, values very near 16, but still less as before. 

For a still closer trial let a; = 3. 99, x = 4. 01 respectively ; 
the corresponding values of 8x — a;* will be each 15. 9999. Thus, 
however close the substitution, 16 we find will still possess the 
characteristic property of a maximum. 

Ex, 2. Let the quantity be a;' — 6a: + 10. 
Applying the process and substituting values for x, as above, we 
find that the proposed has a minimum for a: = 3. 

MAXIMA AND MINIMA OP FUNCTIONS OF ONE VARIABLE. 

76. We proceed next to maxima and minima of functions of one 
independent variable. 

Every function of one independent variable, as y=/(a:), may 
be represented by a curve of which x and y are the corresponding 
co-ordinates. 
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Thus the function being represented by the curve (fig. 1), if the 
ordinate increases until it becomes PM and then decreases, PM will 
be a maximum. But if (fig. 2) the ordinate decreases until it be- 
comes PM and then increases, PM will be a minimum. 

M . 



A P 

The same circumstances of increase and decrease may be repeat- 
ed. Thus a function will have as many maxima or minima as the 
number of times it ceases to increase and begins to decrease, or 
ceases to decrease and begins to increase. 

It will be observed, moreover, that when the ordinate PM be- 
comes a maximum or minimum the tangent to the point M is par- 
allel to the axis. Thus the question for finding the maxima and 
' minima of functions is reduced to that of finding at what points on 
a curve the tangent is parallel to the axis. The general solution 
of the problem presents, therefore, all the difficulties of the problem 
of tangents of which it forms a part. The eflForts for its solution 
in connection with that of tangents tended directly, especially in 
the labors of the great geometer Format, to the invention of the 
Calculus. 

77. Resuming the solution of the problem under this point of 
view, the question is to find, on the curve that represents the func- 
tion, the points at which the tangent is parallel to the axis. 

We have seen, art. 34, that ~, or the first differential co-efficient, \ 

dr. -\ 



dx 

expresses the value of the trigonometrical tangent of the angle 
which the tangent makes with the axis of x. In the case, then, of 
a maximum or minimum, we shall have 

^ = 0; 

dx 



1 
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since, when the tangent is parallel to the axis, the angle which it 
makes with this line is 0. 

To determine, iheref(N:e, the maxima or minima values of a Amo- 
tion y =f(x) of a single variable, we put the first differential co- 
efficient equal to 0, and find the roots of the equation thus formed. 
The roots of this equation will give all the values of x that will 
render y a maximum or minimum. 

Ex. 1. Let us take, as an example, the ftmction y ==a:'(5 — a:), 
represented by the curve in the figure. 

Differentiating this equation we 

obtain dv ,^r^ ^ 

J = .(10_3.). 

Putting a; (10 — Sx) = 0, we have 
for the roots of the equation a: = 0, 
a; = 3t. 

Substituting a: =6 in the equation, we obtain y=0. Substi- 
tuting next . 1 and — .1 for a:, we obtain . 049 for the value of 
y immediately following and . 051 for that immediately preceding 
a;=0. The function, therefore, will be a minimum for x=iO. 
In like manner we find that it will be a maximum for a: = Sj. 

Ex. 2. Find the value of a; which will render y a maximum in 
the equation y = 10a: — a;*. Ans. a: = 5. 

Ex. 3. Find the value of x which will render y a maximum or 
minimum in the equation 

y= x' — ISx" + 9GX — 20. 
Ans. a; = 4 renders the function a maximum, and 
a; = 8 renders it a minimum. 

78. In the problem of maxima and minima there are, as we have 
seen, two questions to be considered. 

1°. To determine when a proposed function is a maximum or 
minimum. 

2°. To establish an easy criterion by which to distinguish the one 
from the other. 
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In the case of functions of one independent yariable, the theorem 
of Taylor enables us to investigate a general method for these two 
objects, entirely independent of the theory of tangents. 

Before preceding to this investigation, we remark, that in the 
development, by the theorem of Taylor, of the function u =/(j;), 
when X receives an arbitrary increment h ; viz. 

such a value may be assigned to the increment h that any one of 
the terms in the development shall be greater than the sum of all 
the terms which follow it. 

Commencing with the second, the terms of the series may be 
written thus 

Here, since, if h be taken equal to 0, all the terms within the 

parenthesis affected with h reduce to 0, A, it is evident, may be 

taken so small that the sum of all the terms affected with h shall 

du 
be less than the term — which is independent of k. Putting this 

sum equal to M we shall have, then, 

-j-'>> M ; whence -7- A>« Mh ; 
dx^ ax ^ 

that is, by taking h sufficiently small, the second term in the series 
(1) may become greater than the sum of all the terms which follow 
it. In like manner it may be shown that any term in the series 
may become greater than the sum of those which follow it. 

Keturning to our purpose, let the proposed function be y =f(x), 
which we suppose now at its maximum or minimum. Let x be first 
diminished and then increased by a very small quantity k. Then 
X — k will be the value which immediately precedes, and x -\-h 
that which immediately follows x. 
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Designating the corresponding values of y by y', y\ we have 
for three contiguous values of the ftinction 

in which y\ y" are the same functions of x — ^, x-^-h that y is of 
a:, and which may be calculated by Taylor's Theorem. 
Developing by this theorem we obtain 

Now in order that y=zf(x) may be a maximum or minimum, 
the values of y" and y' must be both greater or both less than the 
value of y. That is, transposing y in the developments which gives 

y" — y and y' — y must be either both positive or both negative. 

But h being taken such that any term in these two developments 
shall be greater than the sum of those which follow, the signs of 
the two, it is evident, will depend upon the sign of the first term 

in each or JiA. And since the signs of this term are opposite in 

the two developments, the one being -}- when the other is — , and 
the converse ; therefore, in order that there may be a maximum or 
a minimum it is necessary that the value of x should be such as to 

render -r-hj or which is the same thing, -r-, the first differential 
dx ! ^' dx 

coefficient, equal to 0. We shall have, then, for the conditioj^ 

sought dy 
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the roots of which will give all the values of x which, substituted 
in the function, will render the value of y a maximum or a mini- 
mum. Thus the first of the proposed questions is answered. 

2. To determine next a criterion by which to distinguish the 
maxima from the minima. 

The condition -^ ^ being fulfilled, the developments above 
reduce to 

<Py A' d?y h? , , 

2'-2'=^T72--rfJ»OT3 + **'-' 

in which the signs of the sum of the terms will depend upon 

_il , which has the same sign in both developments. If then 

dx^ 1.2 

the value for x which has reduced -? to renders — ^ negative^ 

ax dir 

the values of y' and if will both be less than y, and the function 



then the function will be a minimum^ 



will be a maximum. But if the value for x renders _^ positive^ 

d3^ 



To complete the investigation it is necessary to remark, that the 
value for x which reduces the first difierential coeflGicient to 0, may 
reduce the second , to also. In this case, it is evident, in order 
that there may be a maximum or minimum, that the third diflferen-: 
tial coefficient must also reduce to 0. And this condition being ful- • 
filled, we must then look to the fourth differential coefficient to de- 
termine whether the function is a maximum or minimum, in the 
same manner that we have already done in reference to the second, 
and so on. 

The two objects proposed are now accomplished, and we have the 
following rule by which to determine the maxima and minima of a 
proposed function. 
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1°. Find the first differential coefficient , and putti?ig this equal 
to Ojjind the roots of the equation thics formed. 

2®. Substitute the roots successively in the second differential 
coefficient. Each root that gives a negative result will^ when sub' 
stituted in the function^ make 'it a maximum; and each root 
which gives a positive result will make it a minimum. 

3°. If either root reduces the second differential coefficient to 0, 
the7i substitute in the thirds fourth, ^c. until one is found which 
does not reduce to 0. If this differential coefficient be of an odd 
order y the root will not render the function eit/ier a maximum or 
minimum. But if it be of an even order and negative the func- 
tion will be a maximum ; if positive a minimum.. 

79. We pass to some examples. 

Ex. 1. To find the values of x which will render y a maximum 
or minimum in the function 

y = a:» — 9^» + 24a;— 16. 

Differentiating we have ^ = 3z' — 18^ 4- 24. 

Putting the second member equal to 0, and reducing, 

Resolving this last we obtain ar = 4, a: = 2. 
For the second differential coefficient we have 

S = 6*-18. 
dx^ 

Substituting 4 in this we obtain 6, a positive result. Substitu- 
ting next 2 we obtain — 6, a 7i€gative result. The proposed will 
have, therefore, a maximum for a: = 2, and a minimum for a: = 4. 

Ex. 2. T*o find the values of x which will render y a maximum 
or minimum in the function 

j( = a?* — 5x* + 5x^+1. 
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Putting the first differential coefficient equal to 0, and dividing, 
we have x* — 4tx^ -j" ^^' == ^» 

or ar»(x* — 4ar + 3)=:0; 

the roots of which are 0, 0, 1, 3. 

Ans. There is a maximum for or &=1, and a minimum 
for a: =3. 

Ex. 3. Find the maxima and minima values of the function 
y == a?» — 3x« — 24a: + 85. 

Ans. For x = 4, ^ is a minimum ; 

" ar = — 2, y is a maximum. 

80. In the application of the above rule there are certain con- 
siderations which, in particular cases, serve to simplify the calcula- 
tions. 

1®. The same values of the variable which render the function a 
maximum or minimum, will render its product or quotient by a con- 
stant quantity a maximum or minimum. Hence, before applying 
the rule, a constant factor may be struck out, 

2°. Any value of the variable which renders the function a maxi- 
mum or minimum will render the second, third, and, in general, any 
power of it a maximum or minimum. Hence, if a function is 
under a radical, the radical may be omitted. 

Ex. 1, Find the value for x which will render the function y == 
5 (a: — X') a maximum. 

Suppressing the factor 5, we have 

from which we obtain x =: ^, 

Ex. 2. Find the value for x which will render the function y =s 
{2ax — a:*) 2 a maximum . 

Omitting the radical sign, and putting the differential coefficient 
equarl to 0, we obtain 2 (a — x)sssO; 

whence x ^aesa. 

8 
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3**. It frequently happens that the value of the first differential 
coefficient may be decomposed into two factors, both of which con- 
tain X, and one only reducing to for the particular value of x 
ifhich renders the ftinction a maximum or minimum. When this is 
the case, the process for finding the second differential coefficient, 
with a view to discover by its sign whether the Action is a maxi- 
mum or minimum, may be much simplified. ^ 

Let X and X' be the two factors into which the first differential 
coefficient is decomposed, and both of which are Amotions of x ; 

^"^ ^ = XX'; 

dx 

whence differentiating and dividing by dx^ 

dx*~ dx + £/x ' 

let now X be the factor which we suppose equal to for the value 

of X which renders the function a maximum or minimum ; we shall, 

then, have ^^y X'dX 

dx* dx 

firom which we obtain the following rule by which to find the second 

differential coefficient; Find thC' differential coefficient of thefac' 

tor in the first differential coefficient which reduces to 0, and mul' 

tiply the result by the other factor, 

__ du X """ a 

Thus let.-r = — : — be the first differential coefficient obtained 
dx fij X 

from a function. ♦ To find the second differential coefficient for the 

value or = a, which renders the function a maximum or minimum, 

we write the proposed under the form 



whence by 


the rule 


1 


■M 


-a); 






d^~ 


1 


X 


dx " 


1 
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Ex. 1 . Find the valaes of x which will render the function y sss 
x^{x — ay a maximom or minimum. 

We have ^ = 2a; ( a? — a)* + 6jr» (a? — a)» ; 

or reducing, putting equal to 0, and dividing by 2 

X (x — ay {^ — a) = ; 
for which we have a: = 0, ar =: a, x=\a. 

For a: = |fl, the second diflferential coefficient, by the rule, is 
4x (x — a)*, which is negative when we substitute \a for x. Thus, 
there is a maximum for x = \a. In like manner we find a mini- 
mum for a? = a, and a: = 0. 

Ex. 2. Find the values of x which will render y a maximum or 
minimum in the function 

y = x* — 8x' + 22x' — 2ix + 12 = 0. 
Putting the first differential coefficient equal to 0, and dividing 
by 4, we find for the roots of the resulting equation, 1, 2, and 3. 

Ans. For a; = 1, ^ is a minimum ; 
z = 2t y IS Si maximum ; 
a: = 3, ^ is a minimum. 

81. The following examples will serve as a general exercise upon 
the preceding principles. Let the learner illustrate the results in 
the curves obtained by construction from the equations. 

Ex. 1. Let y = x(a — a:)*. 

Ans. There is a maximum for x = ia, and a mini- 
mum for a: = a. 

Ex. 2. Let y = 3 + (a:— .fl)^ 

Ans. The function does not admit a maximum or 
minimum, since the third differential coefficient does not vanish 
with the second. 

Ex. 3. Let y = x'{a—xy. 

' Ans. There is a maximum for a;= ^a, and a 
minimum for x = 0, x=s a. 
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Ex. 4. Let y=za{x — by. 

Ans. The fourth differential coefficient is 24a, and 
there is a minimum for x = b. 

Ex. 5. Let y = z''— 18a;' + 105a:. 

Ans. There is a maximum when a: = 5, and a 
minimum when a: :=: 7. 

82. We subjoin some additional problems to exhibit further the 
application of the Calculus to the important practical questions of 
the kind now under consideration. 

1. To find the altitude of the greatest cylinder that can be in- 
scribed in a given cone. 

Suppose the cylinder inscribed, as in the 

figure, and let AB = a, BC = b, AD = a:, 

ED == y ; then BD = a — x = the altitude 

of the cylinder, and we have for the solidity 

V = 7iy'(fl — x). 

But from the similar triangles ADE, ABC, 

we obtain ifx nb^ 

y = — ; whence V = — 5-a;'(a — x) 

Ans. The altitude is one-third the altitude of the cone. 

2. To find the greatest cylinder that can be inscribed in a given 
sphere. 

Ans. The radius of the sphere being B, the radius of 

2 
the cylinder = R ^ -^. 

^ 3. What is the altitude of the maximum rectangle which can be 
inscribed in a given parabola ? 

Ans. Two-thirds the axis of the parabola. 

4. Among all cones that can be inscribed in a given sphere, to 
determine that which has the greatest convex surface. 
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Let AMB be ihe generating semicircle, AM the slant side of the 
cone, PM the radius of the base. Let AB 
= 2a, AP=x, PM = y. ThenPM = 

{2ax — z^y, and AM = {2axy; and, put- 
ting S for the conyez sur&ce, we have 

a = w{2ax—x')^X {^ax) 
Ans. The altitude of the cone is four>thirds the radius 
of the sphere. 

5. What is the altitude of the maximum cone, which can be in- 
scribed in a given paraboloid, the vertex of the cone being at the 
intersection of the axis with the base of the paraboloid ? 

Ans. Hjilf the altitude of the paraboloid. 

6. Of all cylinders of a given surface to determine that whose 
solidity is the greatest. 

Ans. That in which the altitude is equal to twice 
the radius of the base. 

7. To find the maximum cylinder inscribed in a given ellipsoid. 

Ans. That in which the altitude is equal to the major 
axis divided by /^ 3. 

8. Of all right cones of a given convex surface to determine that 
whose solidity is greatest. 

Ans. That in which the radius of the base is equal to 
the altitude divided by a^ 2. 

9. A privateer wishes to get to sea unobserved, but has to pass 
between two lights A and B, on opposite head lands. The inten- 
sity of the lights is known and the distance between them. At 
what point between them must she pass so as to be as little in the 
light as possible ? 

Let a = the given distance AB ; 3 = the intensity of the light 
A at the unit of distance, c = the intensity of B at the same dis- 
tance. Let X = the distance of the point sought from A. Then, 
since, by the principles of Optics, the iatensities are inversely as 
8* 
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the squares of the distances, we shall have for the illumination or 
intensity of light upon the point sought, 

which by the question should be a minimum. 

Ans. x = 



aP 



10. The flame of a candle is directly over the centre of a circle, 
the radius of which is R ; what ought to be its height above th* 
plane of the circle, so as to illuminate the circumference as much 
as possible ? 

Let CB be the candle, B the position of the flame, and A any 
point in the circumference. By the principles 
of Optics, the intensity of the illumination of 
the plane at any point A, will be directly as 
the sine of the angle BAG, and inversely as 
the square of the distance AB. We shall 
have, therefore, for the effect of the candle 
to illuminate the point A, 

sin BAC 
AB* * 




Let X = sin BAG ; then AB = 



R 



cos BAC /v/(l- 

sin BAC _ x(l—^ 
~KW R^ 



■^)' 



whence 



We shall have, therefore, for the maximum, x = /,y\, or the sine 
of the angle BAC = 35° 16', nearly. 

If we suppose R= 12 inches, then the height of the candle will 
be 8.5 inches. 

11. To find the point in the line joining the centres of twv 
spheres, from which the greatest portion of spherical surface is 
visible. 
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The figure is a section through the centres C, C of the .spheres, 
liet A be the point M. '^ 

sought. Draw the ^^ 

tangents AM, Am, ^ 
and the radii CM, 

G'm; and on CO' ^' ^ ) ^ ^ 

let fall the perpendiculars MP, mp. Let CC'= a, r and / = 
the radii CM, G'm respectively ; and let AC = x. 

For the surface s of the sphere, which has r for its radius, visi- 
ble from A, we shall have, art. 59, 

s = 27rr» — 2irr X PC = 25rr»— 2ir — ; 

X 

and an equation for the problem will now be readily obtained. 



Ans, 



^^r^' 



SECTION IX. 

APPLICATION OP THE CALCULUS TO THE THEORY OP CURVES. 

83 . We have seen in the Analytical Geometry the sRperior pow- 
er of algebra compared with ordinary geometry, in all investiga- 
tions relative to curve lines. For investigations of this description 
the Calculus is an instrument of far higher power. In the ordina- 
ry geometry the results obtained are usually derived from the con- 
sideration of particular curves and are limited to them. By the 
application of algebra to geometry we are enabled to classify the 
curves which come under consideration, and to obtain results appli- 
cable to all curves whatever. 

The Calculus enables us to solve in most cases with far more 
facility, and with a higher generalization, the problems solved by 
the aid of algebra, while at the same time it enables us to obtain 
results which the ordinary algebra is utterly incompetent to reach. 
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In the i:^ of this remarkable instrament, justly regarded as one of 
the most splendid conceptions of the human mind, geometry has, in 
&ct, been brought to a state little short of absolute perfection. 
We shall now, to the extent our limits permit, exhibit the power 
* of the Calculus in its relation to inyestigations in which curve lines 
are concerned. 

I. TANGSNTS AND ASYMPTOTES. 

84. The first problem in respect to curve lines is to determine a 
general method by which, when a curve is given by its equation, a 
tangent may be drawn to any point. We have already solved this 
^^ . : w- . problem for plane curves, referred to rectangular axes, by finding 
expressions for the subtangent and subnormal. By means of either 
of these expressions the tangent may be readily drawn. But the 
most elegant, as well as convenient solution of the problem is, to 
find an equation for the tangent line. 

Let Zyy be any point on a plane curve referred to rectangular 
axes ; of and if the current co-ordinates of a right line referred to 
the s^e axes, and the same origin. In order that the right line 
may pass through the point 2:, y on the curve, we must have (An. 
Geom.art.26) y' _y^a{af — x), 

in which a is the trigonometrical tangent of the angle which the 
line makes with the axis of z. And in order next that the line 
may be tangent to the point a:, ^, we must have, as we have seen, 
art. 34, dv 

whence by substitution 

y_y=g(af_a:), (1) 

/ which is the diiSerential equation of a tangent line to all plane 
curves expressed by rectangular co-ordinates. 

Let the curve be the circle the equation to which, referred to the 
centre, is a;' + ^ = I^** 
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Differentiating the equation, deducing the yalue of -~ , substitu- 
ting in equation (1), and reducing, we obtain 

yy^ + Xx' = 'R^ (2) 

which is the equation, in finite terms, of a tangent line to the circle. 

To apply this equation, let the radius of the circle be 5, and the 
co-ordinates of the point, through which the tangent is required to 
be drawn, be 4 and 3 respectively. By substitution in (2) we shall 
have 32/' + 42:' = 25, (3) 

the equation of the tangent in this particular case, by means of 
which the tangent may be easily drawn. 

The mode of applying the equation (1) is now obvious, as well as 
the extreme generality of the solution. We pass to a few addition- 
al examples. 

Ex. 1. To draw a tangent line to any point on the curve y = 

Pursuing the same course as above, we obtain for the equation of 
a tangent to the curve 

t/ — y=(l — 3x'){z' — z). 

As a particular case let a: = 0, y = ; then y'srrs 2f. The tan- 
gent passes through the origin, and makes an angle of 45° with the 
axis of X. 

Ex. 2. To find the equation of a tangent line to any point on the 
ellipse, the equation to which is A'y* -f- BV = A^B'. 

AV+J^'a:2;' = A»B'. Ans. 

Ex. 3. To find an equation for the tangent to the curve xyz=-a^. 
Ex. 4. To find an equation for the tangent to the curve y^ = 4aa:. 

85. To construct a tangent line it is in general, ^s we have seen, 
most convenient to find the points in which the line intersects the 
axes. 
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Putting, saccessivelj, in the general equation (l)/^'=sO, a^=0, 
we shall have for the points of intersection 

, dx . dy 

From the former of these expressions we have 

dx 
z—af = y^ = VT; (fig. art. 30) 
dy 

the subtangent to any point x^ y on the curve ; the same as obtain- 
ed in art. 30. _ 

86. Since the normal makes a right angle with the tangent, we 
must have (An. Geom. art. 28) the relation aa -|- 1 = 0, a and a' 
representing the trigonometrical tangents of the angles which these 
lines make with the axis of x respectively. Hence we have 

y-y=-fy{^-^), (1) 

for the differential equation of the normal to any point on the curve. 
If in this equation we put i/ = 0, we shall have 

the subnormal for any point on the curve ; the same as in art. 33. 

87. We shall now examine some particular cases in the general 
problem of tangents. 

1. To determine the points on a curve at which the tangent is 
parallel to the axis of x. 

Since, when the tangent is parallel to the axis of x, the angle it 
makes with this line is 0, we shall have, as we have already seen, 

^1^ = 0. . 
dx 

Ex. 1. To find on the circle the point where the tangent is par- 
allel to the axis. 
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Erom the equation of the oirole ^ = 2ax — a:*, we obtain 
dy a — X 

and the tangent, it is evident, will be parallel to the axis of x for 
the value 2;= a, or at the extremity of the ordinate to the centre. 

Ex.2. To find on the curve y =x^ — 3u^ — 2ix + 85, the 
points at which the tangent is parallel to the axis of x. 

Ans. At the points for which a: = 4, a; = — 2. 

2. To determine the points on a curve, at which the tangent is 
perpendicular to the axis of x. 

Since, when the tangent is perpendicular, the angle is equal to 
90°, we shall have 7 

dx 
Ex. 1. To find on the circle the point where the tangent is per- 
pendicular to the axis of x. 

Ans. For the point ^ = 0, or the origin. 

Ex. 2. To find on the curve y= a-|- 2 (x — h) , the ^oint at 
which the tangent is perpendicular to the axis of x. ^^ ^ :, 

Ans. At the point for which a; = 3. 

8. To find next the points on the curve at which the tangent 
makes any given angle with the axis of x. 

Ex. 1. Let it be required to find on the common parabola y^ = 
2px the point where the tangent makes an angle of 45° with the 
axis of X. 

From what has been said we have, since tangent 45® =s 1, 

^ = 1. 
dx 

Substituting for this value in the equation, we obtain yz=sp; 
whence x = ip. When the angle, therefore, is 45°, the ordinate 

to the pomt of tangency will pass through the focus. - 

h i; d-*.v- .r... ♦T'"t *^ "•'■' 



96 THE CALCULUS. 

Ex. 2. The circle being referred to the centre, to find the point 
where the tangent makes an angle of 45® with the axis of x, 

>M I - . '^ . Ans. At a;= —r-^. 

4. To find an expression for the length of the tangent, we have^ 
(fig. art. 30) ^ ^ ^^p, _^ pjj,^i . 

whence 

In like manner we obtain for the length of the normal 



TM=,(l+f)». H+-T^ 



QM=,(i+|)i. 



By means of these formulas the length of the tangent and nor- 
mal to any point may be easily calculated. 

5. To find the angle which a curve makes with the axis of x^ 
since the curve and tangent coincide at the point of tangency, it 
follows that the inclination of a curve to its axis at any point will 
be the same as that of the tangent at that point. 

c^ . i" " ■^' • ■**.;, , - ^Asymptotes, 

88. In what precedes we have supposed the point, through which 
the tangent is required to be drawn, at a finite distance from the 
origin. But in the case of a curve which has infinite branches, the 
point of tangency may be regarded as at an infinite distance, and 
we may wish to determine the tangent for this particular case. 

The tangent to a point on a curve at an infinite distance from the 
origin, is called an asymptote. An asymptote, therefore, may be 
regarded as a line which continually approaches a curve, but which 
it can never reach except at an infinite distance. 

A plane curve being proposed we have then, 1**. To ascertain 
whether the curve has a rectilinear asymptote. 2°. To determine 
its position. 
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Let AX, AY be the co-ordinate axes, and let us resume the ex- 
pressions for the distances of the 
points T and D in which the tan- 
gent MT intersects the axes, viz. 

Let KE be the asymptote ; as the point M moves along the curve 
the tangent MT will approach more nearly the asymptote RE, with 
which it will coincide when M is taken at an infinite distance. In 
this case AD will become equal to AW, and AT to AR. Whence 
to find whether the curve has an asymptote, we determine, from its 
equation, the values of AT and AD. If then the hypothesis x^ or 
^ r= GO renders either the value of AT or AD finite, the curve, it 
is evident, will have an asymptote. 

To determine the position of the asymptote we find the values of 
AT, and AD on the hypothesis a:, or y = or, and we shall thus have 
the points T, and D in which the asymptote intersects the axes. 

Several cases, it is obvious, will occur in the position of the 
asymptote. 

1®. If the values of AT and AD are both finite, the asymptote 
will intersect both the co-ordinate axes. 

2®. If one of the values is finite and the other infinite, the asymp- 
tote will be parallel to one of the co-ordinate axes. 

3°. If both values become 0, the asymptote will pass through the 
origin of co-ordinates. 

In this last case, but one point of the asymptote will be deter- 
mined, but its direction may be found by determining the value of 

-J-, on the supposition that the co-ordinates are infinite. 

89. We take next some examples. 

Ex. I. To determine whether the curve y' = 2a; -f- 3a;' has 

asymptotes. 

9 
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Resuming the equations for AT, AD, we have 
AT=r: 



dx .^ dy 



whence, differentiating the equation, substituting and reducing, we 

obtain ^ 

AT = — . . ^ , AD = — 



(2.r + 3x')i' 



1 + 3^' 
which become, supposing a; = oo , 

Thus the curve has two asymptotes which intersect the axes at 
1 1 

Ex. 2. Let the equation to the curve be y^ = ax* -j- x^. 

The curve has an asymptote which intersects the axis of ^ at a 
distance ia, and that of :r at a distance of — la from the origin. 

Ex. 3. Let the equation to the curve be ^' = 4x^ — 4. 

The curve has two asymptotes which pass through the origin, and 
make with the axis of x an angle for which 2 is the trigonometri- 
cal tangent. 

II. DIRECTION OF CURVATURE. 

/ '• 90. We proceed next to inquire how the position of a curve in 
respect to the axis of abscissas may be found ; or, in other words, 
to determine for any point whether the curve is convex or concave 
toward this axis. 

M being any point of the curve, let AP = x, PM = 2/. Suppose 
X to receive an arbitrary increment 
PP', and draw the ordinate P'M'. 
Through M draw the tangent MT 
meeting P'M' in T, and draw also 
MR parallel to AX. Putting PP' 
= h, the ordinate P'M' will, it is evi- 
dent, be the same function of a: -}- ^, -r — p 
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that PM is of a: ; whence by Taylor's Theorem 

wherefore, KM' = FM' — PM = $? A + ^^ .=^ + Ac. 

ax ' dz^ 1.2 

But RT= MR X Tan. TMR = $ A ; 

ax 

whence RW = RT + ^. -il- + &c. 
dx 1.2 

and we have TM' = RM'— RT = J-^ -^4 + &o- 

dx^ 1.2 

If the curve lies above its tangent, or is convex toward the axis 
of 2-, TM', it is evident, will be positive. But h being altogether 
arbitrary, may be taken so small that the first term in the value of 
TM' will be greater than the sum of all the succeeding terms. 

Thus the sign of TM' will depend upon that of j4" T'o* Hence, 

dx \.»A 

if the curve is convex toward the axis, this term must be positive; 

d^ 
or, since A' is necessarily positive, — ^ or the second differential co- 

cx 

efficient, must be positive. 

The contrary will be the case if the curve is concave toward the 
axis ; for the curve then falling below the tangent, TM' will be 
negative. Thus a curve will be convex or concave toward the axis 
of Xj according as the second differential coefficient of the ordinate 
is positive or ?iegative. 

In what has been done we have supposed the ordinate y to be 
positive. If it is negative, the curve being situated below the axis 
of a:, the contrary results will be obtained. We conclude, there- 
fore, more generally, T/iat, a curve will he convex or concave to^ 
ward the axis of abscissas^ according as the ordinate and its sec" 
ond differential coefficient have the same or contrary signs. 
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Ex. 1. To determine whether the circumference of a circle is 
convex or concave toward the axis of abscissas. 
Resolving and differentiating the equation x^~\- y^=^ R^, we obtain 

which is negative when y is positive, and positive when y is nega- 
tive. The circumference is, therefore, concave toward the axis* of 
abscissas. 

Ex. 2. Given the curve y=b-{-c(x — a)', to find the direction 
of the curvature. ^ Ans. Convex toward the axis of x. 

Ex. 3. Given the curve y = a^ j^/ {z — a), to find the direction, 
of the curvature. • ^ r } Ans. Concave toward the axis of x. 

Ex. 4. Given the curve y = a^{a — xY to find the direction of 
the curvature. '^* ^ ' 

III. SINGULAR POINTS OF CURVES. 

91. In the examination of a curve we are led to notice certain 
points which possess some peculiar property not possessed hj the 
points immediately adjacent, and which, on this account, are called 
Singuhr Poijits, 

We have, in the course of the preceding investigations, inciden- 
tally determined several points of this description. They are 

1°. Points lohere the tangent is parallel to, or perpendicular 
to the axis, ' ^ ' * ^ • 

2°. Points of maximum or minimum ordinates. 

We proceed to determine the characteristics of such other singu- 
lar points as are ordinarily to be found in plane curves. 
Points of Inflexion, 

92. When a curve changes the direction of its curvature, as from 
being concave toward the axis to" becoming convex, or the converse, 
the point at which the change takes place is called a point of in- 
flexion or contrary flexure. 

If a curve is convex toward the axis of a:, the ordinate and sec- 
ond differential coefficient have each the same sign, if concave, they 
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have contrary signs. When a curve, therefore, changes the direo- 
lion of its curvature, the second differential coefficient changes sign. 
But this coefficient can change its sign only by passing through 
or infinity. For a point of inflexion we must have, therefore, 



d? 



= 0, 






the roots of which will give all the values of x for which there is ft 
point of inflexion. 

Let a; = a be one of these roots. If on substituting successive- 
ly in the coefficient a value for x a little greater and a little less 
than a, the coefficient changes sign, there will be a point of inflex- 
ion for a: :?= a, 

Ex. 1. To determine whether the curve y = i-}-(a: — a)' has 
a point of inflexion. 

We find for the second differential 
coefficient 



d^y 
dx^'' 



:6(a; — a). 




Here the value X'=a renders the 
coefficient ; and if we substitute for 
X a value a little greater than a^ the coefficient will be positive, if 
a little less, the coefficient will bo negative. Thus the coefficient 
changes sign at x = a ; and there is a point of inflexion for a; = a. 

The tangent to the point a: = a is parallel to the axis of a:, since 
for x:=a the first differential coefficient also reduces to 0. On the 
left of the point of inflexion the curve is concave toward the axia 
of a: ; on the right it is convex. 

Ex. 2. To determine whether the curve y = (a — a:)'-{" ^^ ^^^ 
a point of contrary flexure. 

Wo have for the second differential coefficient 
^y_ 10 

dx" 

9* 



9 (a — a:) 



V 
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Here if a: = a, the second differential coefficient will be infinite. 
For X less than a, it will be positive ; for x greater than a, it will 
be negative. There is, therefore, a point of inflexion for a: = a. 

Ex. 3. The curve o^y = a:^ — ca:^ has a point of inflexion at 
x^\c. 'L[U^^\ 

Ex. 4. The curve y = a; -f- 36a:' — 2a:' — a:*, has a point of in- 
flexion at a:==2, and a: = — 3. 7i-ii>^-/2.^^ r 

Multiple Points. 

93. A point in which two or more branches of a curve touch or 
intersect each other is called a midtiple point. 

If two branches meet at the same point, it is called a double 
point ; if three, a triple point, and so on. 

As each branch of the curve has its tangent, there will be at a 
multiple point as many tangents as there tre branches of the curve 
which meet in the point. At a multiple point, therefore, the ordi- 
nate will have but one value, while the first differential coefficient 
will have a number of values, according to the multiplicity of the 
point. 

Ex. 1. To determine whether the curve 2/ == (x — a) ai/ x -\' b, 
has a multiple point. 

For the first differential coefficient 
we find 

dy j_ ^^ — ^ 

The curve has a double point, 



since there are two values for 



dz 




To determine the position of the double point, it will be observed 
that y will have two values for every value of x greater or less 
than a. For a; = a we have y:=^b, which gives the position of 
the double point. 
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To determine the tangents, we substitute in the first differential 
coefficient a: = a, which gives 

The tangents,- therefore, make with the axis of x angles, the 
trigonometrical tangents of which are a; = -f-^a, x= — \/a, 
respectively. 

Ex. 2. Given the curve y^ = x^ — x\ to determine whether it 
has a multiple point. 

Ans. There is a multiple point at the origin ; at this ^ ^"^^ 
point the tangents make angles with the axis of x, the trigonomet- C''>^'' 
rical tangents of which are i 1 respectively. ^^ , 

Ex. 3. y^=i{x — I )' X. There is a multiple point at a: = 1. 2- • jt 

If the equation of a curve be freed from radical quantities, the 
differential coefficient corresponding to a multiple point will gener- 
ally reduce to --S,, the ordinary sign of indetermination. And in 

this case to determine the tangents we must find the true values of 

this expression. 

Cusps. 

94. A multiple point at which two or more branches of a curve 
stop, and at which they have a common tangent, is called a cusp. 

There are two species of cusps, 1°, when the two branches at the 
point of contact lie (fig. 1) upon opposite sides of the tangent; this 
is called a cusp of the first kind, 2°, when the two branches lie 
(fig. 2) upon the same side of the tangent; this is called a cusp of 
the secoTid kind. 
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The conditions necessary to a cusp are 

1®. For a particular value, a, of a:, the ordinate y and the first 
differential coefficient must have but one value. 

2®. Substituting successively for x, a-\-h, and a — h, for one of 
these values, h being taken sufficiently small, y is impossible, while 
for the other the second differential coefficient will have two differ^ 
ent values, a-'-j ^'- Z^---^^. , t.^. ^ y^^U./^t 

Ex. 1. To determine whether the curve (y — 3)'= (a: — ay has 
a cusp. 

3 

Bcsolving the equation we obtain y:=ih±{x — a)' ; 
and by differentiation 

dy_ 3 . .i d'y l__ 

The curve is represented in figure 1 above. 

1**. For X = AP =zayy=- PM = b. There is but one value of 
y, therefore, for a; = a. Again for a: =a, -i- == 0. There is, there- 
fore, but one tangent MT to the point M, which is parallel to the 
axis of X, 2". For values of .r less than a, the values of y are im- 
aginary. Thus the curve stops at M. 3®. For values of x greater 
than a the second differential coefficient has two values, one -j-, the 
other — . The curve has, therefore, two branches which extend in- 
definitely to the right of M, and the cusp is of the first kind. 

5 

Ex. 2. y^s^a-^x-^-hx^ -\- C3?, The curve has a cusp at a: = 0, 
y=za. The tangent is inclined to the axis of x at an angle of 45^ 

Ex. 3. y^ = x^ (1 — x^y. The curve has two cusps of the first 
kind, corresponding to a; = ifc 1. 

Ex: 4. y = a-{-2(x — b) . For this curve, as it will be easy 
to discover, there is a cusp for x = b, y = a, although, on apply- 
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iiig the process above, the first condition only is fulfilled. If, how- 
ever, we resolve the equation in relation to x, we find 



X=:b + 



(y—a)\ ^_ ^^zi^A £y _ 



V8 ' dy 2V8-'^^'-4^8(^^^)i' ' 

by which we find a cusp at t^ = a, a; = 3, as there should be. 

To determine all the cusps which belong to a curve, the process 
above employed with reference to the axis of a:, must, it is obvious, 
be repeated with reference to the axis of y. 

Isolated or Conjugate Points. 

95. The equation of a curve will sometimes give a point that is 
detached from all the rest. This is called an isolated or conjugate 
point. 

Thus in the equation y^={a-\-x) s^/x/if a: is negative, y will, 
in general, be imaginary. But for the value a; = — a, y will be 
real and equal to 0. For positive values of x there will be two 
values of y. Thus the curve will consist of two branches extending 
indefinitely to the right of the origin ; while on the left for x = — a, 
2/ = 0, there will be a solitary point unconnected with any other. 

rV. TRACING OF CURVES. 

96. From what has been done we see the course to be pursued in 
tracing out a curve expressed by an equation. It is in general as 
follows. 

1°. Resolve the equation in relation to one of the variables, y 
for example. 

2°. Assign such positive values to x as will be sufficient to de- 
termine those for which y = 0, y = oo , or y impossible. The first 
will give the points in which the curve intersects the axis of a:, the 
second determines the infinite branches, and the third shows where 
the curve stops in its course. Assign also for the same object nega- 
tive values to a:, and deduce the values of y corresponding. In both 
cases attend to the positive and negative values of y, so as to ob- 
tain the branches on both sides of the axis of abscissas. 
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8®. Find whether the curve has asymptotes, and determine their 
position if they exist. 

4°. Find the first differential coefficient, and determine by means 
.of it the maximum and minimum ordinates, the ande at which the 
curve cuts the axis, and its multiple points if any exist. 

5°. Find the second differential coefficient, and thence determine 
the direction of the curvature of the different branches, and the 
points of inflexion if there be any. 

6°. Find the remaining singular points if any exist. 

Ex. 1. To trace the curve y 

represented by the equation 

P. If we put a: = 0, -^ 
we have y = 0; the curve, 
therefore, passes through 
the origin. 

2°. Let X be positive, then y will be positive for every value of 
z from to QO . If ar be negative then y will be negative for 
every value of x from to — oo . The curve has, therefore, two 
branches situated on opposite sides of the axis of x. 

3°. The value a; = oo,ora; = — oo, reduces the value of y to 
0; the axis of j: will be, therefore, an asymptote to the curve in 
the direction both of x positive and x negative. 

4°. For the first differential coefficient we have 




T^ 



dy 



,.%V 



Putting this equal to 0, we obtain a; = zb 1. Thus we have 
two maximum ordinates, viz. ata: = -}"^» ^ = — ^» ^^' which. 
^=|, y =z — I respectively. 

If we put ar = 0, then -^ = 1, and the curve, or its tangent, in- 
tersects the axis at an angle of 45". 
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5^. For the second differential coefficient we obtain 
^ — — ^fi^ZUf'l 

Putting this equal to 0, we have ar (3 — ar*) = 0, which gives 
a? = 0, ar = it^3. The second differential coefficient and y will 
have, therefore, the same or opposite signs according as x is greater 
or less than ^ 3. Thus there will be points of inflexion at ar = -{- >;. / ^ ' 
^ 3, j: = — ^ 3, for which we have 2/ = i^3, 2/ = — J/\/3. * 

From x = — ^3 to ar = -|-^3 the curve is concave to the 
axis of X, There will be, therefore, also a point of inflexion at the ^* * • 
origin. From a; = /\/3toa; = oo, and also from a: = — ^3 to 
a: = — 00 , the curve is convex toward the axis. 

To trace the curve we take AX, AY for the axes and from A 
we set off X =s Afi = 1, a:=AJ= — 1, and erecting the per- 
pendiculars BC = J, 3c = — J, we have the points of the maxi- 
mum ordinates through which the curve must pass. In like man- 
ner we construct the points E, e of contrary flexure. Then, since 
the curve passes through the origin, and the direction of its curva- 
ture is known between all the singular points, it may be easily 
traced as in the figure. 

Ex. 2. To trace the curve y = a:^ — 6a:' + 11 a: — 6. 

1°. The curve cuts the axis of y at 3/ = — 6, and the axis of r, 
at a? = 1, ar==2, ar=3. 

2®. It has maximum ordinates at a: = 2-{-^5, a:=2 — ^J. 

3°. Between a: = and a: = 1 it is convex toward the axis of x ; 
between a?= 1 and a: = 3 it is concave, beyond which it is convex. 
There is a point of inflexion at ar= 2. 

Ex. 3. To trace the curve {y — a:*)'=a:*. 

Resolving the equation we have 

6 

y = ar' db ar'. 

1°. The curve is composed of two 
branches which extend indefinitely 
to the right of the origin. 
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2°. There is a cusp of the second kind at the origin. The tan- 
gent is the axis of x, 

3". The lower branch intersects the axis of j: at ar == 1. It is 
convex to this axis from x=0 to x=^\ thence concave to 
a? :=: 1, from which it becomes convex to the axis of x. The upper 
branch is always convex to the axis of x, 

4®. It has a maximum ordinate to the lower branch for a: =:^ J|. 

Ex. 4. To trace the curve y^ = ax' — x^, 

1®. The curve intersects the axis of 
a? at a: = a, where it has a point of in- 
flexion. 

2°. It has a cusp at the origin. 

3°. It has an asymptote which makes 
with the axis of x an angle of 135°, 

4°. It has a maximum ordinate for 
x = ^a. 

Ex. 5. To trace the curve y^ = a^ — x^, 

1°. The curve intersects the axes at a: = a, y = a. 

2°. It has an asymptote which passes through the origin. 

3°. The points where the curve cuts the axes are points of con- 
trary flexure. 

Ex. 6. To trace the curve y^ = a^x — x^. 

1®. The curve intersects the axis of z at the origin, and also at 
x=af x= — a, 
- 2°. It has an asymptote which passes through t^e origin. 

3°. It has maximum ordinates at x = 




4°. It has three points of contrary flexure, viz. at the points 
where it intersects the axes. 

5*. It is always concave toward the axis of x. 
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Ex. 7. To trace the curve y' = aar* -j- bs^. 



Resolving the equation we shall have y = ± (a -}- hxyx. 



L 





Regarding b always as positive, the curve will take one of the 
three forms represented in i^e figures above, according as a is posi- 
tive, zero, or negative. 

y. CONTACT AND CURVATURE OP CURVE LINES. 

97. The singular points of a curve and the direction of the cur- 
vature between these points enable us to form a very exact idea of 
the general course of the curve. We proceed, next, to consider the 
contact of curves, and the method of determining the curvature of 
a curve line at any point. 

Contact and Osculation. 

Let there be two curves, refer- '^ 

red to the same axes, which have 
for their equations y=/(ar), 
t/=f(2f). Let the abscissas 
of each receive a common incre- 
ment A = PF ; then by Tay- 
lor's Theorem 




dx 



^"^^V+tJ + ^Y 



' dx"" 



10 



F^'=y+-^A + ^, 



dx'""' 



1.2 



,dPy_ h' 
'^ dx' 1.2.3" 



dY_ 
dx'' 1 , 



2.3 
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Here, x being made equal to x'y 

1°. If y = y" = PM, the curves will have a common point of 
intersection M. 

2®. If 7 = Vf and -/ = -p--, then the curves have a common 
•^ ^ dx di! 

tangent, and a contact which is said to be of the ^7*5^ order, 

3°. In like manner if the curves have a common ordinate, and 
the first and second differential coefficients in each are equal re- 
spectively, they are said to have a contact of the second order, and 
so on. 

The tendency of the curves to coincide will, it is evident, in- 
crease, as the difference TwrrC between the ordinates P'wi", Pw be- 
comes less ; or as the number of differential coefficients, which be- 
come equal respectively in the two developments, is greater. If all 
the differential coefficients are equal, the curves will coincide en- 
tirely. 

98. A line is said to be osculatory to a curve, when it has with 
the curve a contact of a higher order than any other line of the 
same species. The osculatory line is called an osculatrix, 

Ex. As a simple example let it be required to find a right line 
osculatory to the circle. 

Let X and y be the co-ordinates of the right line, x' and y' those 
of the circle. Then y^^ax-^-h, and a:'* -}- 2/' = K', will be the 
equations to the right line and circle respectively. • And x being 
made equal to af^ we shall have for the equations of condition 

y-^' w %-%■ (^) 

Putting the differential coefficient of the right line equal to that 
of the circle according to the second condition, we have 

— — ^ 
But by the first condition we have y' =^axf '\-b\ whence 

y 
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Substituting these values of a and h in the equation of the right 
line y = aa: + 3, and reducing, we obtain 
:c:c^ + 2^' = R% 

which is the equation of a tangent. Thus a tangent line is the 
osculatrix required. 

Osculatory Circle, 

99. Let ABC be any curve, T'BT a tangent to the point B, and 
PB a normal to this point. An infinite rpf 
number of circles, it is evident, may 
be described, the centres of- which 
shall be in the normal PB and the 
circumferences pass through the same 
point B, and which will have, there- 
fore, a x3ommon tangent T'BT. Of 
these circles, some having a greater 
curvature than ABC will fall within 
it, and others having their curvature less than ABC will pass be- 
tween it and the tangent. There will be, therefore, two classes of 
tangent circles to the curve ; one lying within the curve, and the 
other without it. 

Let it now be required to find among all the possible circles 
which can be drawn through the point B, that which has the closest 
contact with the curve ABC, or the osculatory circle. 

Let X and y be the co-ordinates of the curve ABC, x' and tf 
those of the circle. Then, supposing the co-ordinates x and y to 
become equal to of and y' respectively, we shall have for the equa- 
tions of condition 

dy dif d^y d?^ 

di"^di' (^^ d?^d^^' ^^^ 
or the osculatory circle will be that in which both the differential 
coefficients are equal respectively to the corresponding ones of the 
proposed curve. The contact will be of the second order, and the 
circle is, therefore, called an osculatrix of the second order. 
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100. If, art. 97, the curve Mm be a circle osculatory to the 
curve Mwi', the first three terms in the developments for F'm, Viri 
will be the same in each. Subtracting the first of these develop- 
ments from the second, we shall have for h positive 

and for h negative 

'"'" =- \^-I?) TT2T3 + **'- 

But, h being taken sufficiently small, the first term in each of 
these series for mm' will exceed the sum of all the terms which 
follow. Thus mm' will change sign in passing from a; -}- A to a: — h 
and the converse. On one side, therefore, of the point M, the curve 
will lie above the osculatory circle, while on the other it falls be- 
low it. Hence the osculatory circle will, in general, both touch 
and intersect the curve at the point of osculation. It follows also 
that the osculatory circle separates the tangent circles which lie 
without the curve fi:om those which lie within it. 

An osculatrix of an even order, we remark in passing, will, in 
general, intersect as well as touch the curve, while if it be of an 
odd order it will only touch the curve. 

Curvature of Curve Lines. 

101. The curvature of a curve is its deviation from the tangent. 
Of two curves, that which departs most rapidly from its tangent 
has the greatest curvature. 

In the same or equal circles the curvature will be the same at 
all points ; but of two different circles, that will depart most rapid- 
ly from its tangent, or will have the greatest curvature, the radius 
of which is the less. 

In different circles the curvature is measured by the angle con- 
tained between two radii drawn through the extremities of an arc 
of given length. Thus in two different circles the curvature varies 
inversely as their radii. The curvature of a curve will, in general, 
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vary from point to point. We have next to determine how the cur- 
vature at any point may be found. 

102. On account of the closeness of the contact, the curvature 
at any point of a curve is regarded the same as that of the oscula- 
tory circle, and is measured by it. The osculatory circle is, there- 
fore, called the circle of curvature^ and its radius the radius of 
curvature. 

If then we wish to determine the curvature at any point, we 
have the following problem to solve, — Given the equation of a plane 
curve, to find the radius of the osculatory circle, or radius of 
curvature. 

To resolve the problem, we regard the two curves as having a 
common ordinate, and make the first and second differential coeffi- 
cients in each equal respectively. We thus establish relations by 
means of which, combined with the equation to the circle, the radius 
of curvature may be found. The same result may be obtained in a 
more simple manner, if we first find, from the general equation to 
the circle, an expression for the radius, E, in terms of the first and 
second differentials, and then substitute for these their values dci- 
rived from the equation to the proposed curve. 

The general equation of the circle, a and h being the co-ordinates 

of the centre, is 

(a;-a)'+(j,^J)'=R». (1) 

Differentiating twice in succession, dx being regarded as constant, 
we obtaiu 

(2; — a)dX'\-{y^h)dy^=i^ (2) 

dx^-\-df^{ij—h)dSj = ^\ (3) 

whence y — i =5= — -^-^t-^, (4) 

d^y ^ ' 

10* 
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Bubstituting these yalues in (1), we obtain 

dj^ /dx' + df\, /d:^ + dy\ 
"■'='d^ \-~d^~) ^" [T^' ) ' 



or 






whence ^^^i^±^\ (6) 

ax dry ^ 

We haye thus found an expression for the radius, in terms of the 
first and second differentials of the co-ordinates. If we now wish 
to make the circle osculatory to a given curve, we have only to 
substitute for these differentials their values derived from the equa- 
tion to the curve ; the conditions of osculation will thus be fulfilled, 
and we shall have an expression for the radius of the osculatory 
circle, or radius of curvature sought. 

The expression for R, which may be regarded as the general for- 
mula for the radius of curvature, is affected with the double sign 
±, either of which may be taken at pleasure. If we wish the ra- 
dius to be positive for curves which are concave to the axis of a:, 
we use the negative sign. The radius will then be negative for 
curves which are convex to the axis. 

From the equations (5) and (4) we obtain 

the general expressions for the- co-ordinates of the centre of the os- 
culatory circle. By means of these and the expression for R, equa- 
tion (6), the osculatory circle to any point of a curve will be com- 
pletely defined in position and magnitude. And thus the curvature 
of the curve at any point may be found. 

The osculatory circle is not always the curve which approaches 
most nearly a proposed curve. But on account of the facility with 
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which the circle is described, as well as its readily admitting all 
degrees of magnitude by the variation of its radius, it b for prac- 
tical purposes preferred to all other curves having the same order 
of osculation. 

103. Ex. 1. Let it now be proposed to find the radius of curva- 
ture of the parabola, whose equation is y*=2pa:. 

Differentiating the equation we obtain 

p y y 

Substituting in the general formula (6) we obtain 

Substituting in like manner, in the formulas (7) and (8) the values 

i=f ^^=^. ■^=-^. 

and eliminating y, we find s 3 

a = 2x-\-p', b = ^, (2) 

pi 

the formulas for the co-ordinates of the centre of the osculatory 
circle for any point on the parabola. 

As a particular case, let it be required to find the co-ordinates of 
the centre of the osculatory circle, and the radius of curvature, to 
a point 9, 6 on a parabola, whose equation is y^ = Ax, 

Ans. fl = 29, ^ = — 54, R = 63.245. 

If, in the equation (1) for R, we make y = 0, we shall have 
R = p: That is, the radius of curvature at the vertex of the 
parabola is equal to one half the parameter. 

The expression for the normal to the parabola, art. 87, is 

(y' + !'")• We shall have, therefore, 
.p (normal)^ 

It 5 ■• 

V 
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That is, the radius of curvature at any paint of the parabola 
is equal to the cube of the normal divided by the square of half 
the parameter ; hence the radii of curvature at different points are 
to each other, as the cubes of the corresponding normals. 

The same principle is true for the conic sections generally, 

Ex. 2. To find the radius of curvature to the rectangular hyper- 



m' 

VI. INVOLUTES AND BVOLUTES. 

104. The centre of the osculatory circle to a curve will have, it 
is evident, a different position for each point of the curve. And if 
the several centres of the osculatory circle for each point be joined, 
the line which joins them will be a curve belonging to the given 
curve, and deriving its nature and properties from it. This curve, 
moreover, will have for its co-ordinates the co-ordinates of the 
centre of the osculatory circle. It is now proposed to find its 
equation. 

The curve, whose equation is sought, is called the evolute of the 
given curve. And, conversely, the given curve compared with its 
evolute is called the involute. 

The nature of the evolute is determined, it is evident, by the 
equations obtained for a and i, the co-ordinates of the centre of 
the osculatory circle, article 102. If now by means of the equa- 
tion to the given curve we eliminate from these equations the vari- 
able 2/i and the differentials dy^, dj^y, &c., we shall obtain, it is evi- 
dent, two equations in a:, from which if x be eliminated, we shall 
obtain an equation in a, 3, and constants only, which will be the 
equation sought. 

Ex. Let the given curve be the common parabola, whose equa- 
tion is y^ = 2pz, to find the equation to the evolute. 
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Besaming the formulas (2) for a and 3, art. 103, and elimina- 
ting Xy we obtain « 

27p ^ ^^ ' 
which is the equation to the evolute sought. This equation is that 
of the semi-cubical parabola. 

If we make i = 0, the equation reduces to a =p. Hence the 
evolute meets the axis of x at a distance £rom the origin equal to 
half the parameter. 

If we transfer the origin of the co-ordinates to the point, at 
which the evolute meets the axis of x, we shall have in the 
equation a for a — p'j whence by substitution 

Since the equation gives two values 
for b with contrary signs, the curve 
will coDsist of two branches, symmet- 
rical with respect to the axes, and 
extending indefinitely in the direction 
of a positive. 

105. We thus see the manner in which the equation of the evo- 
lute to any curve may be found. We proceed to investigate* some 
general properties in relation to this curve. 

Resuming the first three equations of art. 102, which may be re- 
garded as characterising the osculatory circle, we have 

(a;-a)«+(y-3)» = RS (1) 

(a:— a)^ + (y — 3)rfy = 0, (2) 

In these equations x and y only have been regarded as variable, 
(z, hi and E. being considered constant, as they should be, since our 
object has been to find the osculatory circle for one point only. 
But the osculatory circle may be considered as moving along the 
curve and applying itself to each point in succession. In this case 
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fl, 3, and R, it is evident, will also vary mih x and y. To deter- 
mine, therefore, the relations of all these variables, we must differ- 
entiate, supposing them all to vary together. Differentiating the 
equations (1) and (2) on this hypothesis, we obtain 
{x — a) dx-{'{y — b) dy — {x — a) da — {y — h) db = R^R, 
dx^ + ^y^ + (2/ — ^) ^y — dadx — dbdy = 0, 
which by means of the equations (2) and (3) reduce to 
— {x — a)da—{y—b)db = ^MSi, (4) 
— dadx — dbdy = ; 

from which last we obtain -r- = ;-• (5) 

da dy ^ 

But from equation (2) we have 

y— 3 = — ^(x — a); (6) 

which by means of equation (5) becomes 

These two last, it is evident, are equations for one and the same 
line. The former is the equation of a normal to the point x, y on 
the involute, drawn from a point a, b on the evolute ; the latter the 
equation of a tangent to the point a,b on the evolute drawn 
through the point 2:, y on the involute. It follows, therefore, 

1°. A normal line to the involute curve is tangent to the evo- 
lute. 2°. The point of tangency on the evolute is the centre of the 
osculatory circle. 3°. The length of the tangent between the invo- 
lute and the point of tangency on the evolute, is the Radius of the 
osculatory circle, 

2. Resuming equations (1), (4) and (7) above, we have 

{x—ay + (y-br=B.\ (1) 

(a; — a) da + (y — b) db=^—IidB., (2) 

{x — a)db — {y — b)da = Qi (3) 
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eliminating x — a from (2) and (3) we obtain 

(,_i)^^+^ ^^^ 

do 
from equation (3) we return to 

da . 

squaring this last, substituting in (1), and reducing. 



db^ 



(y_4)»=R»; 



(4) 



(5) 



(6) 



next, squaring (4) and dividing the result by (6), member by member, 
tfK» = 6^a* + rf*»; 

whence finally dK = {da" -f- db^) ^; 

from which it follows that the differential of the radius of curva- 
ture is equal to the differential of the arc of the evolute. Hence 
The radius of curvature is equal to the arc of the evolute ± a 
constant. 

Let S represent the arc of the evolute 00', C = the constant, 
then we shall have for the radius O'M, 

R = S+C. (1) 

In like manner we have for the ra- 
dius 0"M', R' = S'+C; (2) 
subtracting the former from the latter 
K'— K=:S'— S=0'0"; 

hence, The difference between the radii 

of curvature at any ttoo points of the involute^ is equal to the 

part of the evolute curve intercepted betioeen them. 

The value of the constant will depend upon the point from which 
we reckon the arc of the evolute, and may, therefore, be easily de- 
termined. 
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Thus if in the common parabola we reckon the arc from the point 
at which the evolute meets the axis of x, then, S = for R =^, 
and we shall have 

R=;? = 0+C; 

whence C=ipi or the constant is equal to half the parameter. 

106. Let a thread be fastened at any point O" of the evolute, 
and be applied tightly to the curve. If we now unwind or evolve 
the thread, commencing at A and keeping it always tight, the point 
A will describe the involute. It is from this relation that the evo- 
lute curve has derived its name. 

There is some analogy between the manner of conceiving an in- 
volute curve to be described and the description of a circle. In the 
case of the involute the evolute acts as the centre, and the radius 
is variable. 

From what has been done it follows that if the involute is an al- 
gebraic curve, the evolute is rectifiable ; since any arc of it is 
equal to the difference between the two radii of the osculatory 
curve drawn from its extremities. 

The theory of the evolute, one of the most elegant speculations 
of geometry, follows, it is evident from what has been done, as a 
natural sequence to that of the centre and radius of curvature. 
The honor of its discovery is due to the celebrated Huygens, who 
derived it directly from the principle we have just seen it involves, 
viz. the describing a curve by means of a thread evolved or un- 
wrapped from another curve. We shall see hereafter the impor- 
tant application of the theory made by Huygens, in researches in 
reference to which he was led to its discovery. 

We remark in passing that the peculiar artifice of the Calculus 
is still further seen in the preceding investigations. The set of 
auxiliary quantities first obtained not being sufficient for our pur- 
pose, a new one is introduced, viz. the second differentials, which, 
alike with the first, are eliminated when the object of their intro- 
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duction has been effected. The resalts obtained are thus left, as 
they should be, in finite and determinate terms. 

VII. ENVELOPES TO PLANS LINES. 

107. The e volute to a plane curve may be considered as formed 
by the successive intersections of normals drawn, consecutively, from 
each point of the curve. From the theory of the evolute we are 
thus led to seek for some general method for the solution of all 
problems which depend upon the intersection of lines, whether 
straight or curved, which vary in position or magnitude according 
to a given law. 

Let F (a:, y, a) == be the equation to a curve in which a is a pa- 
rameter to which any number of different values may be assigned. 
For every particular value assigned to a we shall obtain, it is evident, 
a particular curve of the class or family represented generally by 
this equation. Supposing the parameter a, therefore, to vary, let 
a and a -{- da, be any two successive values of it infinitely near to 
each other. The two curves which correspond to these values will 
have for their equations, respectively, 

F{x.y,a) = Q (1), F{x,y,a + da)=^0 (2). 
The co-ordinates of the point of intersection of the two curves, 
will be the values of x and y derived from these equations. But 
the second of these equations returns to 

F{x, y, a) + daF{x, y, a) == ; 
a only being supposed to vary. The equations (1) and (2) may, 
therefore, be replaced by 

F(a:,y,a)=0 (3), 4F(2:,y,a) = (4). 

The point of intersection a;, y, determined by these equations, 
changes its position for every different value assigned to a, and will 
describe a continuous line when a varies without interruption. If, 
then, we eliminate a between the equations (3) and (4), the resulting 
equation, ^ (x, y) = 0, will be the equation to the curve formed by 
the successive intersections of all the curves derived from the equa- 
tion F(a:,y, a) = 0, when a is supposed to vary continuously. The 
11 



\ 
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curve, (p (a:, y) = 0, possesses the remarkable property that it toach<* 
esall the curves represented generally by the equation jF(a:,y,a)=0. 
On this account it is called the envelope to these curves. 

The lines represented by the equation F {x, y, a) = 0, it should 
be remarked, may not intersect, however near to each other the 
consecutive values given to the parameter a, as in the case of the 
circle with a variable radius ; or the lines may all meet in the same 
point as in the case of those comprised in the equation y = ax. 
We pass to some examples. 

Ex. 1, Let it be required to find the envelope to the series of 
parabolas whose equation is y^ = a(a; — a), in which a is the 
parameter. 

For the equations of condition we shall have 

y^—a{x — a) = ^{\), d,{f—a{x — a)) = (2). 

Differentiating the equation (2) with reference to a, we obtain 
a = ^x. Substituting next this value of a in equation (1) we get 
f^ =: ix^y or, y =z zh ^x. The envelope sought will be, therefore, 
two right lines. 

Ex. 2. Find the equation to the curve which touches all the right 

lines determined by the equation y = aa; -|- — 

a 

Proceeding as above, we find for the equation sought y' = Amx. 
The curve is, therefore, a parabola. 

Ex. 3, The straight line PQ slides between two lines AX, AT, 
at right angles to each other, to find the envelope, or locus of its 
ultimate intersections. 

Let AX, AY be taken as the axes of Y 
co-ordinates. Let AP=a, AQ = 3, 
PQ = c ; then the equation to PQ is 



*.in irhich a and b are subject to the condi- 
tion a'-j-J» = c» (2). A 
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Differentiating these equations with reference to a and b we find 
^ + ?^ = 0(3); ada + bdb = (i). 

X 11 X 

By elimination between (3) and (4) we get —3 = -^, or — = 

— I ; whence by substitution in (1) a^y-^b^ysss 5', or b^= (?y. 


In like manner we find a' ^ <?x. Substituting these values for 
a and ^ in (1), we obtain finally for the equation sought 



a^ + y* = c^. 




Ex. 4. Given the area of a right triangle, to find the curve to 
which the hypothenuse is always a tangent. 

Let the given area equal Sm', AM = x, MP = y \ and let 
AT=:a, the parameter by the varia- 
tion of which TPF changes its posi- 

tion. Then AF = — , and y = 

(a — a:)tanATF=(a — a:)— r; 

whence a'y = 4 w' {a — x). 

Ans. xy = wi', or the curve is an 
hyperbola referred to its asymptotes. 

Ex. 5. Find the curve which is constantly touched by the cir- 
cles determined by the equation {x — «)'+ y'=^'» « and b being 
the co-ordinates of a parabola, so that b* = 4ma. 

Ans. y^ = ^m{x-\-m)^ which is the equation to an equal 
parabola, having the same axis, and the vertex of which is removed 
to the distance — m. 

In this example the circles do not intersect for values of a less 
than m. 

Ex. 6. A projectile is discharged from the point with a con- 
stant velocity, but at different inclinations to the horizon ; to find 
the envelope to the curves it describes. 
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By the principles of Mechanics the path of the projectile is a 
parabola represented 
by the equation 




in which x and y are the co-ordinates of the path of the projectile, 
a the trigonometrical tangent of the angle of projection and h the 
height due to the velocity of projection. 

Ans. a:*= 4A(A — y) the equation of a parabola having its focus 
at the point 0, and its parameter equal to 4A. If the surface is re- 
quired, which bounds all the parabolas that may be described by 
the body, it will obviously be the parabolid having its focus at O, 
and parameter equal to 4^. 

This problem was the first of the kind proposed. It was solved 
by John Bernoulli, but not by any general method. The general" 
process for the solution of all questions of the kind is due to 
Leibnitz, and is well adapted to exhibit the power and use of the 
Calculus. 

VIII. QUADRATURE. RECTIFICATION OF CURVES. 

108. We come next in the theory of curves to the question of 
their quadrature, rectification and the determination of the surfaces 
and volumes produced by their revolution. ' Formulas for this pur- 
pose we have already obtained and illustrated with sufficient ex- 
amples. We have only to remark here that Geometry is indebted 
to the Integral Calculus for these solutions, while from the Differ- 
ential Calculus it derives the general method of tangents, the gen- 
eral principles of contact and osculation, and the method of deter- 
mining the singular points of curves. 

IX. DIFFERENTIAL EQUATIONS OF CURVES. 

109. From what has been done, it will be seen that by means of 
differentiation, the constants of an equation may be eliminated, and 
an equation of a more general character be obtained. 
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1. Let US take the equation of the right line 

y=ax-\-b. (1) 

Differentiating and substituting for a its value 

y = |. + J; (2) 

an equation freed from the constant a, and expressing all possible 
right lines passing through a point determined by the constant b. 

Differentiating (1) twice in succession we obtain 

g = 0. (S) 

an equation entirely independent of the constants a and b, and which 
belongs alike to all right lines drawn in the plane of the co-ordinate 
axes. It is called t?ie differential equation of lines of the first 
order, 

2. Let us take next the equation to the circle ^" -[- a;' = R*. 

By differentiation we have xdx -{- ydy = ; 

an equation independent of the radius R, and belonging alike to 
all circles having their centres at the origin of co-ordinates. 

3. Let us take next the general equation of lines of the second 
order, viz. y' = mx -f- wa:'. 

Differentiating this equation twice in succession, supposing dz 
constant, and eliminating in and n from the equations thus obtained 
and the proposed, we have 

y^dx^ 4" x^dy^ — 2xydxdy -f- y^(^y = 0, 

which is the general differential equation of lines of the second 

order. 

It is easy to see how we are to proceed in similar cases. The 

differential equations obtained, it is evident, belong to a species of 

lines* one of which is represented by the proposed equation. They 

express only the law by which the variable co-ordinates change 

their values. They ought, therefore, to bo independent of the con- 
11# 
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staDts, which determine the magnitude and not the nature of the 
curve. 



SECTION X. 

TRANSCENDENTAL FUNCTIONS. 



We have thus far investigated rules for the differentiation and 
integration of Algebraic quantities only. We now proceed to the 
investigation of those required for the Transcendental Functions. 

I. DIFFERENTIATION OF CIRCULAR FUNCTIONS. 

110. Let any arc be represented by z, and let it be required to 
find the differential of sin z. 

If we suppose the arc to receive an infinitely small increment dz, 
it will become z -f- rfz, and we shall have for two successive states 
of the function, sin 2, atid sin (z -|- dz). Whence, taking the dif- 
ference d.Bin z = sin {z -f- dz) — sin z, 
or, developing sin (z -f- dz), Trig. art. 27, 

, . sin z cos dz + sin dz cos z 
a. smz== ^ smz; 

but, dz being infinitely small, we shall have sin dz = dz, and cos 

dai=:B,; whence ^ cos zdz 

d. sin z = — ^ — • 
xw 

To find, therefore, the differential of the sine of an arc. Multiply 
the cosine of the arc by the differential of the arc, and divide the 
product by the radius, 

2. To find the differential of the cosine of an arc. 

By a process altogether similar we obtain 

, cos z cos ^z — sinzsin<fz 

d. cos Z = ; =r cos Z, 



or reducing d,coaz = — 
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Thus, to find the differential of the cosine of an arc, Multiply 
the sine of the arc taken negatively by the differential of the arc^ 
and divide the product by the radius. 

3. To find the differential of the yersed-sine of an arc. 

d, ver-sm z = d. (R — cos 2) = — ~ — . 

4. To find the differential of the tangent of an arc. 

We have tan z = ; whence, art. 20, 

cos z 

- ^ B, COB zd, sin z — B,Binzd,coaz 

d, tan 2; = = ; 

cos'z 

or, by substitution and reduction 

- , lcoa^z4-Bm*z)dz R'iz 

tf. tan « = ' '— 5 — = — -=-. 

cos'2 cos'z 

Whence, to find the differential of the tangent of an arc. Multiply 
the square of the radius by the differential of the arc, and divide 
the product by the square of the cosine of the arc. 

Since cot 2 t= — . , we obtain in like manner 

Bin z 

d.COtZ = r- «—• 

sm'z 
Whence, to find the differential of the cotangent of an arc. 
Multiply the square of the radius taken negatively by the differ^ 
ential of the arcy and divide by the square of the sine of the arc. 

5 . Regarding the radius as unity, the preceding formulas become 



(l) 


d. sin z = cos zdz 


(2) 


d. cos z = — sin zdz 


(3) 


d. ver-sin 2 = sin zdz 


(4) 


a. tanz = — -- 
cos-'z 



(5)* d. cot Z = :-r— . 

sm'z 
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The differentials of the secant and cosecant are occasionally ose-^ 
fill. They are readily found, and are as follows 

/c\ J Bin zdz , J 

(6) d. sec z = 5 — = tan z sec zdz. 

/»Tx J coa zdz . - 

(7) tf. cosecz = .-T- = — cot z cosec zaz. 

sin'z 

111. In the preceding article we have regarded the sine, cosine, 
&c. as a function of the arc, the arc being regarded as the yariable. 
It is generally most convenient to take the reverse of this, and ta 
regard the arc as the function, and the sine, cosine, &c. as the 
Yariable. 

To investigate the formulas under this point of view, let z, as be* 
fore, represent any arc, and let y be its sine ; then ^ = sin z, and 
dy= d, sin z. We shall have, therefore, 

cos zdz . . B,dy 

dy = — ^ — ; whence dz= — ^, 
^ K cos z 

but cos z = (R'— sin«z)i = (R*— y*)* ; hence 

a.^-1'y (1) 

which is the differential of an arc, when its sine is regarded as the 
independent variable. 

2. Let ^ = cosz; then dy = d. coa z, and we obtain in like 
manner B,dy B,dy ,^, 

dz = ; = r-, (^) 

smz (R«— ^«)i 

which is the differential of an arc, when its cosine is regarded as 
the independent variable. 

3. Let y = ver-sin z ; then dy = d. ver-sin z ; and we have 

smz 
but cos z = R — y, and sin z = [W— (R — yY] i=(2Ry-y )* ; 

whence dz = — j, (3) 






)z^ i^ - f^ 



/^2. |<^Z. ^^^X^Jt-.'c'^/J *«- 



''-. * ' .- Lt'UiH*-*^ /(i. f- M •= — ■ 






:i 



I oJ"- >.'*•) ^ 












tlS.'.^ 




r<.J ^ 




<x- 


'•' ' ^ 
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whicli is the differential of an arc, its versed-sine being regarded as 
the independent variable. 

4. Let y = tan z ; then dy = d. tan z ; whence 
Qos^zdy 



dz = 



K 



2 > 



but 



cosz R , cos'z R' R' 

"^ BeGz' ®°^® "liT "^ sl^ ~ R^ + tan«2* 



R 



whence 



(^2 = 



R» 

RV7/ 



(4) 



R' + y^' 

the differential of an arc, its tangent being the independent variable. 
112. The following notation has recently been introduced into 
the Calculus, and is found of great convenience. 
Sin -^y = the arc whose sine is y, 
Cos -'y = the arc whose cosine is y, &c. &c. 
Employing this notation the four preceding formulas, together 
with those for the cotangent, secant and cosecant, will be expressed 
as in the following table. 



1. 

2. 

3. 

4. 
5. 
6. 



R = l 

d. sin-»y = 



dy 



d, coar^y = -^ 
<?. ver-sin~>y = 



dy 



dy 



(2y_y')i 



d, tan-'y= ?^ 



d, 8eo~'y 4= — -^ 

2,(y»_l)4 

dy 



7. (;.cosec-'y= — 



y(.v'-i)* 



R==a 

a. sm 'y = ^ 



i.cos"-*y = — 

cZ.vcr-sin-'y = 

J. tan~'y = 
d. cot-»y = 



ady 



ady 

(2ay-y')4 
a'dy 

a^dy 



d. sec^y = 



a^dy 



yW 



a.cosec-*y== 2 — _ 
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We pass next to some examples, regarding R as 1. 
Ex. 1. Let w=a;sin"~*a:, to find the differential of u. 

xdx 



Ans . du = mr^xdx - 



(l_a;2)i' 

Ex. 2. Let u = (sin-*ar)', to find du. 

dx 
Ans. 2sin-»a: r-. 

i-*-^^ x 2dx 

Ex. 3. Let ?^ = tan-»7r-, to find du, Ans. ^p-. — =. 

2 4-j-ar 

Ex. 4. Given u = tan"* — , to find du. 

n y 

(Let — = ^, tlien c?m = r—, — «, and hence 
N y 1 + ^V 

vaa; — xdy . 
du=Z' - , /. Ans. 

113. In the Trigonometry we have found rules by which to com- 
pute the sines, cosines, &c. for every minute in a quadrant. The 
Calculus enables us to develop new and more convenient theorems 
for this object. 

Resuming the Theorem of Maclaurin, /7» 7' - ^ 

let it be proposed to develop the sine and cosine of an arc in terms 
of the arc itself. . ;^- ,^' Aui.Ui^i.-^ 

Let y =f{x) = sin a: ; then, radius being unity, ^^^^ 

du d^u . d^u 

-— = cos a:, -r-^ =5 — sm x. -r-, = — cos x, &o. 
dx da^ d'j? 

whence, putting 2:s=s 0, these values become 

du - ^u r. d?u - . 
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2. To develop the cosine in terms of the arc. 
Proceeding in a manner altogether similar, we obtain 

The two series converge rapidly when the arc is small and are of 
great utHitj in the calculation of the trigonometrical tables. 

DIFFERENTIATION OF EXPONENTIAL FUNCTIONS. 

114. Let it be proposed next to find the differential of the quan- 
tity a'*, a being constant and x a variable exponent. For two suc- 
cessive states of the quantity we have a* and (f^^-^ \ whence 

or da^=a^(a''^ — 1). (1) 

But to render this expression of service we must develop the 
term a*^, so that dx shall not be employed in the expression as an 
exponent. In order to this we assume a == 1 -j- ^, and developing 
by the binomial formula, we have 

whence, since dx is infinitely small by the side of the numbers 1, 2, 
&c., we have by transposition and reduction 

hence, by substitution in (1) and replacing b by its value a — 1, 

da'=a^dx[{a — l)—i(a — iy+l{a — \Y-^...]. (3) 

116. Let it now be proposed to find the differential of the loga- 
rithm of a quantity. 

Whatever the base a of a system of logarithms, we shall have, x 
being any number, ^ j ^^"-^ ^^ 

x = loga^ '/ whence dx=d. log a* ; 
substituting this value of dx in equation (3) 

da'^ a^d. loga*[(a— 1) — ^ (a — 1)'+K«— 1)'— &c.] 



132 THK cxixn-ra- 

li5!t fl^sss r ; iL*a v* *LiZl Lit* • ' 

y 

The fjrau^Iou 3A wi^'^li d-^pe&ls hj^jo the bskse a of the STstem of 
lo^riiLxb^ enrplojed, i* ca.ll€>l the ra'A^ulus of the srston. Hence 
in anj rTit^aa, fie Cxjereidial of Out logarithm of a quantity is 
equal to tfie modulus of the syitem, into the dijerential of the 
quantity ditided by tiie quant i*y i'.i^Af 

If we take the most =;j2;.!e case. anJ sappose J/ = 1, the system 
will be the Xaperian, and we &ha!I hare 

i.Iogy=--. 

Hence, the differential of the Naperian logarithm of a quantity 
is equal to the differential of the quantity divided by the quanti- 
ty itself 

The Xaperian logarithms, so called from the name of their in- 
ventor, are those nsoall j employed in algebraic calculations. They 
ftre usually designated by T or log^ We shall employ the common 
designation log. ia express them. The Naperian logarithms will be 
understood, therefore, by this tenn, imless the contraiy is expressed. 

If from the expression for M we calculate, the yalne of a for the 
hypothesis ilf =3 1, it will be 2.71828 nearly. This number is the 
base of the Naperian system of logarithms. It is of frequent use, 
aud is commonly designated by e. Thus we haye 
€ = 2.71828. 
We pass to some examples. 

dx 



Ex. 1. Find the differential of log (a -{- ^)* Ans. 



a + x' 
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. *-- ^ ^- ' 






Kt 3. Kad tW dE5ei«aI of l.-r jn\ 


A.. ^-^1'. 


Ex. 4. Find tlie di5«niii: of I -j — .- 


* 9 


Et 5 Find th« d^iF*>n!iiti^1 o^ ' %▼ * ~^ ' 




^ •! — X 




Ans. - 


dx cs 



«-|-x ■ a — X 
Ex. 6. Find the difFercDtiAl of 1^>- (^'-f-jr^^ 

d. log ;::'-f z=:* = J, \ lo- ,j'-|-x-^.. A11&. J 

Ex. 7. Find the differential of log > -*- (1 -f x-)^]. 



xi:x 



Ans. 



116. The differentials of exponential functions are readily found 
by the rule for the differentiation of logarithmic functions, 

1. Let the fonction be u = a'. 

We have log ?< = x log a ; 

whence d. log u = log adXy 

du , _, -^ ' 

or — :^lo£;cax; 

u 

whence du = log a a^dx^ 

Thus the differential of an exponential function, whoso exponent 
only is variable, is equal to the continued product of the Xaperian 
logarithm of the base, the function itself and the differential of its 
exponent. 

12 



134 THE CALCULUS. 

2. Let the functioa be u =s x^, 

whence — = 6?y log a; -|- y — » 

and du = x^ log xdy + yx^^^dx . 

Thus the differential of an exponential function when both the 
base and the exponent are variable, is equal to the sum of the dif- 
ferentials found bj considering each separately as constant and the 
other as variable. 

INTEGRATiaN OF CIRCULAR FUNCTIONS. 

117. Reversing the process of differentiation, we shall have for 
the integrals of the four fundamental elementary differentials, art. 
112, radius being 1, 

(1) /_^L_==.in-V, (3) /•r$-, = tan-V. 

(2) /- ^- — r- = ver-sin-»y, (4) /- ^~y = sec-»2^, 

•^ (%-2/^)* ^ 2/(2/^-1)* 

to each of which, in the practical application of them, a constant C 
should be added. 

In order to see how the constant is determined, we take the for- 
mula (1) for example. 

dy 



f^ 



■ = sin"^^ -j- C. 



Here, if we estimate the arc from the beginning of the first quad- 
rant, since the sine will be when the arc is 0, we shall have, it is 
evident, C = 0. 

Let the arc be estimated next from the beginning of the second 
quadrant. This supposition will render 
dy 



s- 



(i_y')4 



lO, fory = l. 
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But y = 1 gives sm->y = J ^ ; whence 0=J?r-|-C,or Cob 
•— J 7r, and we have for the corrected integral, 






118. Expressions which do not appear in the above forms maj 

often be readily reduced to them. 

Thus let it be required to find the integral of 

_ dx 
du = -, 

(a«_a:')3 

Put a:=a», then dx=advt and (a* — x^y = a(l — i?*)'; 

whence by substitution du = -, 

(l-„')4 . 
and we have, comparing with formula (1) above, 
dv 



'=/:, 



whence, replacing v by its value, 



:sin~*^; 



y^ dx . ,x ,-. 
j = sm-»--. (1) 



In a manner altogether similar the following integrals are obtained, 
J = ver-sm"« — (2) 

A$-y = -tan--^ (3) 



f: 



— sec""* — . (4) 



z(x^—a')^ ^ ^ 



The formulas above are called circular forms, 

INTEGRATION OF LOGARITHMIC FUNCTIONS. 

119. Beversing the process of differentiation, art. 115, we have 



/ 



dx 

— = log X, 
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In like manner / ; — j — - = log (a + x). 

In general, if the numerator of a fraction is the differential of 
the denominator, the integral will be equal to the Naperian loga- 
rithm of the denominator. 

Ex. 1. Find the integral of j^. a« Ans. log (a + ba?), 

Ex. 2. Find the integral of j-^ . Ans. log (1 + a;*). 

Ex.3. Find the integral of :p-j— . Ans. alog(l-{-^). 

dx 1 

Ex. 4. Find the integral of — . Ans. — log x. 

In general if the numerator of a fraction is the differential of the 
denominator multiplied or divided by a constant quantity, the in- 
tegral will be the Naperian logarithm of the denominator mvlti- 
plied or divided by the same constant quantity. 

120. Expressions which do not appear in the logarithmic forms 
may frequently be reduced to them. 

dx 
1. To find the integral of 






dz X 
Put x^ — a^ = «', then -r- = — , and we have 

,\dx z 

dz-^-dxidz:: x-\'z:x; 

dx dz + dx 
or — .= — — r — ; 

z x -f-z 

whence / — ■- = / — = log (a: + z) ; 

or replacing z by its value, and introducing the double sign, since 



<ijli ct^ ■= - etXz. 



1 "^ 



~^>^2^ 



-^dL-L. 



-^^^^^'j^ .~p 






Co'-- >- 
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tiie processes in the two cases will be altogether the same, we hav« 
f—^—. = log [^ + (^' It a'h (1) 

dx 
2. To find the integral of 



•r^ ^ a ^. dx dz 1 dz 
Put a; = — , then - = = -^ 

which reduces to the preceding case, and we have 

Replacing z by its value, and using the double sign as before, we 
shall have 

dx 

3. To find the integral of -5 -,. 

a* — x^ 

Recollecting that -5 :, = — ; = — 1 , 

a* — X {a-^x)(a — x} a-f-x a — x 

Ex. 4. To find the integral of -^ ;. 

x' — a' 

By a process altogether similar to that pursued in the last case, 
we obtain , ^ v 

The formulas thus obtained are called logarit?imic forms. 

The circular and logarithmic forms, together with the more sim- 

pl^algcbraic form/ af^dx = - j-^» constitute the fundamental fi»- 
12* 
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naulas. To one or more of these forms it is the object of almost 
every process of the Integral Calculus to reduce the integrals of 
proposed algebraic expressions. ' Before proceeding further, how- 
ever, we shall make some application of the additional principles 
now obtained. 



SECTION XI. 

APPLICATION OF THE CALCULUS TO TRANSCENDENTAL CURVES. 

121. Curves may be divided into two general classes. 

1°. Those whose equations are purely algebraic. These are called 
Algebraic Curves, 

2°. Those whose equations involve transcendental expressions. 
These are called Transcendental Curves, 

We have already considered those of the £rst class. We will now 
take some examples of the second. 

I. THE SINUSOID. 

122. A curve formed by taking for abscissas the arcs of a circle 
from to any number of circumferences, and for the ordinates the 
corresponding sines of these arcs, is called the curve of sines, or, 
the sinusoid, 

1. Figure of the curve. The equation to the curve is y=sinar, 
and for the first and second dif- 
ferential coejficients we have, r 
being the radius, c ;/ • , ' )i 

dy cosjr dhj sina:^ 

SS^T"' 'd^~ 7-''' 
and by the process explained 
art. 96, we find ^^'r i '\ a ( i - .«'..,&.>" ^^;u< 

1°. The curve is always concave toward the axis of x. 

2°. It intersects the axis at points for which we have a; = 0, 
x = 7rr, x = 27Fr, &Q, 
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3°. For all values of x from a: = Otoa:=yrr, yis positive, and 
the curve lies above the axis of x ; from a; = ^rr to a; = 2nr it is 
negative, and the curve lies below the axis of x ; and so on alter- 
nately. 

4°. It has maximum ordinates, y=-[-A y= — r, for a:= J?tr, 
x=.\nr^ &c., and a:= gyrr, a: = 5^r, &o. 

6°. It has points of inflexion at a: = nr, 2nr, &c. -r '• ^ J^^^ *T" 

6°. The tangents through the points of inflexion intersect the axis 
at an angle of 45°. 

2. Area of the curve. For the element of the area, we have 

ydx^=z€\XLxdx\ / -- . ^-'^^ f-^^ 

whence A =/sin xdx \ 

and integrating to radius r, . . ' ^ . 

A = — rcosa:+C. ;• ^ ^^ t r 

^ ^; • f .. - r -^ c 

Taking the integral between a: = 0, a: = ^rr, we have ,. ^t r t; > 

• A=2r»; '^ ^ .' *^ 

whence, the area of the surface AwiB is equal to twice the sqimre 
of the raditts. 

II. THE LOGARITHMIC CURVB. 

123. A curve referred to rectangular co-ordinates, in which one 
of the co-ordinates is the logarithm of the other, is called the loga- 
rithmic curve. 

Let a represent the base of a system of logarithms ; then a*= y 
will be the equation to the curve. And since different values may 
be assigned to a, there will be as many different logarithmic curves 
as there are diffierent values assigned to a. 

If we make x=0, we shall havje y = l; and as we have the 
same result whatever the value of a, it follows that every logarith- 
mic curve will vf iter sect the axis of numbers at a distance from the 
origin equal to unity. ...»..' 
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1. Figure of the curve. If we make a;==0, a;=J, a:=l, 
a:= |, &c. we shall have for the cor- 
responding values of y, y == 1, y =s 
^ a, y = a, y = aj^ ay&o. 

Setting off the values of x upon 
the axis AX and erecting the corres- 
ponding ordinates, the curve may be " 
constructed by a series of points. 

If we suppose a ]>• 1, the logarithms of numbers greater than 
unity being positive, the values of x will be set off to the right of 
the origin A. And the logarithms of numbers less than unity being 
negative, the corresponding values of x will be set off to the left of 
the origin. 

For y = 0, a: = — oo . Thus the axis AX is an asymptote 
to the curve in the direction of x negative. For y e= oo , a: = oo . 
The curve extends indefinitely to the right of the origin above the 
axis of X. 

2. Svbtangent to the curve. 

Differentiating the equation of the curve, we have, art. 115, M 



being the modulus, 



dx=i 



Mdy 



dx . ^^ 

Substituting the value of ~r in the general expression for the 

subtangent, art. 30, we obtain 

PT = i¥. 

That is, the subtangent to the logarithmic curve is constant, and 
is equal to the modulus of the system of logarithms from which 
the curve is constructed. This is the most remarkable property of 
the curve. 

In the Naperian system ilf = 1 ; hence PT = 1. 

3. Area of the curve. To find the area of the curve we have by 
substitution in the element of the area and integrating, 
A=My + C. 
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Taking the integral between the limits ^ and y we have 
A = M(y — y'), 
that is, the area comprised between any two ordinates is eqtuil to 
the rectangle under the subtangent aiid the difference between the 
ordinates. 

If we suppose i/' = 0, A = My, that is, the area extending 
from any ordinate indefinitely on the side on which the curve ap- 
proaches its asymptote, is equal to th£ ordinate multiplied by the 
subtangent. 

Thus the area extending indefinitely to the left of PM is equal 
to PM multiplied by PT. 

4. Solid of revolution formed by the curve. 

If the curve revolve about the axis AX, we shall have for the 
element dY of the solid thus generated, ^/ = "7 ^ j '.?' 

dY = M7tydy, ^>^M_hi \ 

whence V == J tt y' X ^T^. 

Thus the solid produced is equal to once and a half the cone 
generated at the same time by the triangle having j for its base 
and M for its altitude. 

The leading properties of this curve were demonstrated by Huy- 
gens by the laborious processes of the Ancietit Geometry. We see 
with what facility they are obtained by the Calculus. The curve 
itself is moreover not without interest. It admits of important ap- 
plications in Physical Science. Thus, since the density of the at- 
mosphere decreases geometrically as its altitude increases arithmet- 
ically, its density may be represented by a logarithmic curve, the 
altitudes being measured upon the asymptote. 

POLAR CO-ORDINATES OF CURVES. 

124. The curves heretofore considered have been determined by 
rectangular co-ordinates. 

But a point in a curve may also be determined by the radius 
vector AM and the angle MAP which this radius makes with a 
fixed axis AX. 
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The angle MAP is measured by the arc om to the radius 1. The 
arc 0772 may, therefore, be substituted 
for this angle . The radius vector AM 
and the arc om will then be the 'polar 
co-ordmales of the curve. The point 
o may be regarded as the origin. 

It will be easy to pass from a sys- 
tem of rectangular co-ordinates to the Jt ' 
polar co-ordinates of a curve. 

Let AM == r, om =zt, AP = x, PM = y. To determine the 
relation which exists between these co-ordinates we have 

AP = AM cos MAP, PM = AM sin MAP, 




or 



a;==r cos ty 



y = r sm t. 

If we now substitute these values of j: and y in the equation to a 
curve expressed in terms of rectangular co-ordinates, we shall have 
the equation to the curve in polar co-ordinates, or the polar equu' 
Hon of the curve. 

If the origin of the rectangular co-ordinates x and y is taken at 
a point A' different from A, let x\ y' be the co-ordinates reckoned 
from A', and a, b the co-ordinates of A reckoned also from A'. 
Then we shall have 

x=z2f'—a, y = 'if—b, 

which must be substituted for x and y in the expressions above 

obtained. 

Suhtangent to Polar Curves. 

125. In a curve expressed by rectangular co-ordinates the sub- 
tangent is the line comprised between the foot P of the ordinate 
and the point T where the perpendicular to the ordinate, drawn 
through P, intersects the tangent. In polar curves the ordinate is 
the radius vector AM. Retaining, then, the same definition, the 
subtangent to a point M in the polar curve will be the line AT 
(fig. below) comprised between A the foot of the ordinate and the 
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point T where the perpendicular to the ordinate, drawn through A, 
intersects the tangent MT. 

The subtangent in polar curves is, therefore, different from what 
it is in curves defined by rectangular co-ordinates. For in the lat- 
ter it is always reckoned on the axis of abscissas ; but this axis does i 
not exist in polar curves, and the subtangent varies its position at I 
each point of the curve. 

To determine the subtangent AT, let M' be a point on the curve 
infinitely near to the point M, ^n 
and AM' the corresponding ra- 
dius vector. With the radius 
AM describe from A, as a centre, 
the arc MQ meeting AM' in Q, 
and, with a radius = 1, describe 
from A an arc mq meeting AM 
and AM' in m and q. Let t = 
the measuring arc, and r the ra- 
dius vector AM. Then, since the angle M'AM is infinitely small, 
mq =^dt, and QW=dr, The arc QM, moreover, may be consid- 
ered as a right line perpendicular to AM, and the triangle M'QM 
will be similar to the triangle MAT ; and we shall have 

AT : AM : : QM : QM', 
or AT : r : : QM : dr. 

But, from the similar sectors mAg, QAM, we find QM=ri^; whence 
by substitution and reduction we obtain 

AT.!^. .a) 

the general expression for the subtangent to the polar curve. 

Differential of the arc, and of the surface of Polar Curves. 

126. Let z = the infinitely small arc MM' in the preceding 
figure. Then from the triangle MQM', right angled at Q, we have 

MM' = (MQ' + QM'^)*; 
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or substituting for these lines their values, as above, we obtain 

dz = {r'dl'* + dr'')^, (2) 
the differential of any arc of a polar curve. 

2. For the differential of the surface we shall have, it is evident, 
the infinitely small triangle AMM' = J AM' X QM. Substituting 
for these lines as above, we have 

dA = ir^dt, (3) 

the expression for the differential of the surface of a polar curve. 

POLAB CURVES. SPIRALS. 

127. A spiral is a curve described by a point which moves along 
a right line in accordance with some law, the right line having at 
the same time a uniform angular motion. 

Thus let PD be a straight line which moves with a uniform an- 
gular motion about the point P. 
When the motion begins, let a 
point M move also along the 
line PD according to any pre- 
scribed law ; the point M will 
describe a spiral. 

The fixed point P about which 
the right line moves is called the 
pole of the spiral ; the point M 
is called the generating point. 

The portion of the spiral generated in each revolution is called a 
spire. 

Let PA be the radius vector at the end of the first revolution. 
With P as a centre, and PA as radius, describe a circle Abe. The 
angular motion of the radius vector may be measured by the arcs 
of this circle estimated from A. Abe is, therefore, called the 
measuring circle. 

Referring to the above figure, we proceed to some of the spirals 
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wKich have been an object of particular attention to geometricians. 
Spiral of Archimedes. 

128. If when the line PD moves uniformly about the pole P, 
the point M moves also uniformly along the line PD, the spiral is 
called the spiral of Archimedes* 

To find its equation, let the radius vector PM = r, the measur- 
ing arc Ab = t, and the radius PA of the measuring circle = a.. 
Then, since the radius vectors are proportionate to the measuring 

arcs, we have 

PM : PA : : arc A* : circ Abe, 

or r : a : : t : 27ra, 

whence r = jr-* 

which is the polar equation sought. 

1. To find the subtangent. 

Substituting in the general expression for the subtangent, AT = 

-r- , we obtam, P bemg the pole, 
ar 2 

the expression for the subtangent sought. 

If we make t = 27r, we shall have AT = Stt. Hence, the sub' 
tangent after the first revolution^ is equal to the circumference 
of the measuring circle. 

If we suppose m revolutions we shall have t =* Qmn, whence 
FT = 2m''7t=:zm.2mn; 

hence, the subtangent after m revolutions is equal to m times the 
circumference of the circle described with the radiums vector to 4h€ 
point of contact. 

2. To find the area. 

Substituting in the general element for the surface of a polar 

curve, dA=: ^r^dt, we obtain for the element of the spiral 

i'dt 

a A = 5— «. 

13 87r» 
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Integrating between the limits ^ = 0, ^ =27r, we obtain A = Jsr, 
the area described by one revolution of the radius vector. Thus, 
the area included in the first spire is equal to one third the area 
of a circle, whose radius is equal to the radius vector after the 
first revolution. 

If we integrate between the limits ^ = 0, ^ = 2 . Stt, we have 
A = \^, the whole area described by the radius vector during two 
revolutions. But since the area described in the first revolution is 
repeated in the second, we shall have for the actual spiral area at 
the end of the second revolution 

A=i7r — J7r = 7^. 

This spiral was invented by Conon, a friend of Archimedes. Its 
properties, however, were discovered after laborious research by 
Archimedes, and hence its name. 

Hyperbolic Spiral, 

129. If while the line PB revolves uniformly about P, the gen- 
erating point M moves along the line PB in such a manner that the 
radius vectors shall be inversely proportional to the corresponding 
arcs, it will describe the hyperbolic spiral. 

The equation for this spiral is 

r = — , or r=.27ttr^. 
t 

1, To find the subtangent. 

Combining, as above, the equation to the curve with the general 
equation for the subtangent to polar curves, we obtain 
PT = — 27r. 

Thus in the hyperbolic spiral the subtangent is constant, 

2. To find the area. 

Combining the equation to the curve with the general equation 
for the area of polar curves, and taking the integral between the 
limits t = a, t = b, we obtain 
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3. To find the asymptote. 

For ^ = 0, we have r = oo and PT == — 27t. The spiral has, 
therefore, an asymptote which will be parallel to the axis from 
which t is reckoned and at the distance 27t from it. 

In general, if a particular value for t renders r infinite, while for 
the same value the subtangent is either finite or equal to 0, the 
spiral will have an asymptote drawn through the extremity of the 
subtangent and parallel to r. 

Spirals, Equation r = aV*, 

130. The spiral of Archimedes and the Hyperbolic spiral are 
only particular cases of the curves represented generally by the 
equation r = ai", a being constant and w having all possible values. 

1°. Let n be positive. Then if ^ = 0, we shall have r = 0, 
and the spiral passes through the pole. 

2°. Let n be negative ; the equation then becomes r = a^""". 
Here if ^ = 0, r = oo . In this class of spirals, therefore, the 
generating point must be considered as commencing its motion at 
an infinite distance from the pole, toward which it constantly ap- 
proaches as the radius vector revolves, and which it can reach only 
after an infinite number of revolutions. 

In the general equation r = ai", let n =1, we then have r-=^aty 
the spiral of Archimedes. In this spiral let r' = the subtangent, 
then r = at^^ which is the equation of a spiral comprehended in 
the same general equation. Thus in the spiral of Archimedes the 
locus of the extremity of the subtangent is a spiral in which t is 
reckoned from a line 90° distant from the original axis, since / 
makes a right angle with r. In like manner the locus of the ex- 
tremity of the subtangent to the spiral / == af" is a spiral, and so 
on ; t in each case being measured from a line 90° distant from 
that in the preceding curve. » 

In the general equation r = a^", let w = — 1, we then have the 
hyperbolic spiral. If tz = — \, the spiral is called the Lituus. 
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This spiral will have the line from which t is reckoned as an 
asymptote. 

Logarithmic Spiral. 

131. If, while the line PD moves uniformly about P, the genera- 
ting point moves along PA in such a manner that the radius vector 
increases in a geometric, while the angle increases in an arithmetic 
ratio, it will describe the logarithmic spiral. 

From the definition we shall have for its equation 
t = \og r, or a*= r, 
where r represents the radius vector and / the measuring arc. 

1. Subtangent to the curve. For this we obtain 

PT 
PT = ilir; whence — =ikr. 
r 

Thus, the tangents, at every point, make the same angles ivith 
the radius vectors drawn to the point of contact, 

2. Area of the curve. For this we find 

A=:iMr=+C, 
in which the constant will be 0, if the area is reckoned from the 
pole. If M cz= 1, we shall have A =±= \r^ for the area of the Na- 
perian logarithmic spiral. 

3. Length of the arc. For this we have 

;s = (M^-f l)ir + C, 
in which C is 0, if we reckon the arc from the pole. 

K M= 1, 2: = r >^2. In the Naperian logarithmic spiral the 
length of an arc, therefore, reckoned from the pole, is equal to the 
diagonal of the square described upon the radius vector. 

Thus the length of the arc is finite, although the number of revo- 
lutions of the radius vector between the pole and its other extremi- 
ty is infinite. 

The logarithmic spiral was invented by Descartes in his investi- 
gation of the nature of the line, on which a body acted upon by 
gravity would be uniformly accelerated, the force of gravity being 
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always directed to the centre of the earth. The line sought, he 
found to be a spiral having its pole at the centre of the earth. 

The full discussion of this curve was, however, reserved for 
James Bernoulli, who first applied the new Calculus to Geometrical 
investigations. This spiral was one of the first curves examined 
with the new instrument. Among the properties immediately dis- 
covered was the remarkable one, that the spiral in a great variety 
of circumstances reproduces itself. Thus it is its own evolute and 
involute ; and if another equal spiral be rolled upon it, the pole of 
the rolling spiral will describe an equal spiral. On this account 
Bernoulli called it spira mirabilis, and saw in it a type of constan- 
cy amid changes, and an emblem of the resurrection. 

The most important of the Transcendental curves is the Cycloid,- 
to which we shall attend after providing the means for determining 
some additional integrals. 
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PROCESSES OP INTEGRATION. 



132. The Differential Calculus, considered in itself, is far in ad- 
vance of the Integral. For there is no quantity the differential of 
which cannot be found, while there is a large class of differential 
expressions the integrals of which cannot be obtained ; either be- 
cause ihey are not the result of an exact differentiation, or because 
the process for their integration has not yet been discovered. 

The problem of integration may be divided into two parts. 

1°. To ^nd the values of the elementary integrals, or such as 
cannot be reduced to forms more simple. 

2°. To cause a proposed integral to undergo such transformations, 
that its integration may be made to depend upon some one or more 
of the elementary forms. 

We have already found the elementary integrals both algebraic 
J3# 
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and transcendental. We now proceed to the second part of the 
problem. 

I. Change of form by some common algebraic process. 

133. When the proposed expression is not in the form required 
for integration, it may often, as we have already seen, be reduced 
to the proper form by some simple algebraic process. 

^ 1. Performing operations indicated. 

Ex. 1. To find the integral of (1 + x'fdx. 

Performing the operations, the several terms in the result are 
each integrable, and we have 

/( 1 + x'ydx = ar + la;^ + \x\ Ans. 

Ex. 2. Find the integral of — — . 
^ a — x 

Performing the division in relation to a;, we have 

= — oc^dx — axdx — a^dxA ; '^^-i 

a — X ' a — X 

and we shall have for the integral 

— J ^^ — J «^' — (^Ix — «^ log (a — x), Ans. 

x^dx 
Ex. 3. Find the integral of — —. 
^ a + x 

Ans. Jx' — ax-{-a^\og{a'-\'X). 

-^ 2. Dividing an expression into two others of which it is the sum 

or difference. 

1? 1 p(a-\-bx)dx p adx . /» xdx 

^- 1- J^ + T'-Ja^Ti^ + ^Ji^-^) 

= tan-i _ + ^ ^ log (a' + a:'). 



»(l+ar)^ . X , _ 2. J 
(a'—x^)^ ^ : 

8. Adding and subtracting the same quantity. 



Ex. 2. rSLjlZTTL = sin-i Jl _ (a» — x^f. 
J (a«— a;»)2 ^ ^ ^^ 
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Ex. 1. fx{a'\'X)^dxz=zJ\x'{'a — a){a-\-xYdx 

3 1 

J z=^f{x-^afdx — af[a'\'xYdx; 

each of which are known forms. ^ \t '^ a. \ _^^o i ^-f ^\ ^ 

_ _ /» xdx pia — x)dx , /» adx 
Ex.2. / L = -/- -T'^l V 

I 
which are known forms. ^_ I 1(k^ _ yi^) ^ v^»t.* vi ^. 

^- 4. Multiplying numerator and denominator by the same quantity. 

Ex. 1. Find the integral of (^' — ^') jg^ 

a; 

Multiplying numerator and denominator by (p? — a')^, we have 

/ {:^^c?) ^dx _ f^{x' — a^)dx ^ 
^ J x{x^ — €?)^' 

whence, splitting the fraction into two others, as in the second of 
the preceding cases, the results reduce to known forms, and we have 

(i^ — a^) 2 — a sec""* — . Ans. ^ 

"At 



.) 



<%.+ 



Ex. 2. Find the integral of (^+^) ^f, 

(a — x)^ 

X It 

Ans, a sin""» (a' — x^y. 

Ex. 3. Find the integral of i^^LA^ 

x(x — a)^ 

Ans. log [a: + (a:» — a')*] + sec-^ — . 

II. Change of form by aid of undetermined coefficients, 

134. Let the expression required to be integrated be a rational 
fraction in which the numerator is of lower dimensions than the de- 
nominator. We may in this case, by the method of undetermined 



Ex. 1. Find the integral of -j- 
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coefficients, decompose the fraction into a sum of more simple frac- 
tions, called partial fractions ; each of which will be integrable. 

We take the two most simple cases. 

1. That in which the factors of the denominator are real and un- 
equal. 

adx 

The denominator being decomposed into its factors x — a^ x-^a, 
let us put 

a _ A B^ 

(x — a)(x-^a) X — a ' a; -{- a ' 

A and B being two constants which it is required to determine. 
This, it is evident, may be done by the method of undetermined co- 
efficients, Alg. art. 263. 

Performing the operations we obtain A = -^, B = --; 

whence by substitution 

y* adx 1^ pdx }_ p ^^ 

wherefore / , i ^^ 



t/ X — 



= -^ log (2: — a) — -^ log (a: + fl). 



Ex. 2. To find next the integral of ^^--^^^, 

Putting the denominator equal to 0, and resolving the equation 
thus formed, we obtain a; = 2, a: = 4. The factors of the denom- 
inator will be, therefore, x — 2, x — 4, and we put 

3a: — 5 _ __A_^ B 

(x — )l){x — ^)~x — 'l +a: — 4' 

17 

Determining the coefficients we have A = ^ , B = -;5-. 

Whence by substitution and integration, we have for the integral 

sought 7 \ 

-^ log (a; — .4) — y log {x — 2). Ans. 
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X 

Ex. 3. Find the integral of , , r. — r- rj. 

^ x' -j- 0.C -|- B 

Ans. 2 log (2:+ 4) —log (a; + 2). 
2. We take next the case in which the factors of the denomina- 
tor of the proposed fraction are real and some of them equal. 

x^dx 
Ex. To find the integral of 7 r^r i — r. 

° {x — ayix-^-a) 

In order that there may be a sufficient number of equations to 
determine the coefficients, we must put 

x^ A , A' , B 



{x — a)\x-\-a) (x — af ^ x — a ^ x -{• a' 

which we obtai 
gral sought will be 



3 1 

from which we obtain A = ^flr, A'=— , B = -2-; and the inte- 



_ Q -I 

— 2{^x — a) + T ^^^ ^"^ """"^ + T ^^^ ^'^'\'^)- ^'^s. 

If the fractions are irrational they must be reduced, when it can 
be done, to a rational form, and the preceding process be then ap- 
plied. The process of reducing a fraction to a rational form is call- 
ed rationalization. It can be effected in a few particular cases 

only. 

III. Substitution of a neio variable. 

135. Let it be required next to fiud the integral of 

x^(a-\-xydx. 

If the exponent of the parenthesis were an entire number, the 
whole quantity might, as we have seen, be developed in a limited 
number of simple terms, each of which would be integrable. Our 
object is to substitute for the quantity within the parenthesis in such 
a manner as to render the exponent of the parenthesis entire, and 
the development, therefore, possible. 

Let us assume then, a-^- x = z ; we shall have /'i, -• -*- -- v] 

x\a + xydx = z* (z — dfdz. 



^i35- 
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Developing and integrating, we have for the integral in terms of z, 

2 14 12 2 2 5 35 

—z — -^az + -^a'z =^z (62? — Uaz + -^ a'); 

or replacing the value of z, 

fz^ (a + x)^dx = ^ (a + x)\5x^— Aax^ + y ^')- 

2. The two following cases of substitution are of frequent use, 
and general formulas for them are easily obtained. We take a few 
examples of each from which the nature of the method will be 
easily seen. 

Case I. Let it be required to find the integral of 

x^{a + bx'fdx. 
Assume a -j- ^a;' = s^, then '^ , 

(a + bx'f=z' (I); x'=-'^^ (2); xdx = ^^ (3); 
whence, multiplying together the equations (1), (2), and (3), 
uy^{a + bx'fdx = z^^^dz = ~ — ~. 

Thus we have obtained for the proposed an equivalent expression, 
composed of two simple terms ; and we have by integration, and 
restoring the value of z, 

By a similar substitution we may always integrate a binomial 
differential, when the exponent of the variable without the paren- 
thesis, increased by unity ^ is exactly divisible by the exponent of 
the variable withiit. 

Ex. 1. Integrate the expression du == 2:* (a -j- bx^j^dx, 

(a + bx^Y 2a{a + bx^Y , «'(« + ^^ 
Ans. u=z ^-3 ^^3 I ^3^3 . 
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Ex. 2. Integrate the expression du=^z^[a — x^) ^dx. 



3 

Case II. Let it be proposed next to find the integral of du = 

ail + x'^y-^dx. 

Assume 1 + a;' = vV ; then (1 + x^J^ = v'^x"^ (1) ; a;' = 
-1-, ^=-^=^ (2); and l = x^ie-lf (3). 

Multiplying together equations (1), (2), and (3), we have 

du = a(\-\- x^y^dx = 5- ; 

in which the integration of the proposed is made to depend upon a 
quantity consisting of one simple term only. > 

Performing the integration and replacing the value of ^, wo ob- 
tain for the integral sought 



V ' (l + x';i 



Ans. 



By a similar substitution we may always integrate a binomial 
differential, when the exponent of the variable without the paren- 
thesis, augmented by unity, and divided by the exponent of the 
variable within the parenthesis, plus the exponent of the paren- 
thesis, is a whole number, 

Ex. Integrate the expression ar'"*(l — x^) ^dx, 

IV. Integration by parts. 
136. We have for the differential of a product uv, 
d{uv) = udv -\-vdu, 
whence fudv = uv — fvdu ^ 

By means of this formula we may often decompose a required in- 
tegral into two parts, one already integrated and the other easy to 
be integrated. 



; tx<Lv -^ ^^^^' - * 
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Ex. 1. To find the integral of xHx (a' — af*)^. 
Put a?^ = ?/, and xdx{a^ — x^)^ = dvA then by the formula 
fx%a^ _ x^xdx = — i x\a^ — xy+ if{a^ — x'^xdx; 
whence fx'dx (a — a?')^ = — J a:=^ (a'^ — ar=)5— i| (^2 _ ^=^2^ 
Ex. 2. To find the integral of {a^ — x'')^dx. 
Put (a' — x^)^= Uy and (^x = dv. 
Then /(a^ — ir')^^ar = x [aJ' — x^)^ + /!J^!^?^ (i) 

- i_ 1 

Multiplying and dividing the proposed by (a' — a:')^, we obtain 

the identical equation 

f(a'~x^)^dx=:/ r— / j-; (2) 

adding (1) and (2) we obtain - 

2f{a' — x')hx=::x{a' — x')^ + f—^^l—, 

^ {a'^xy 
which reduces the integration of the proposed to that of a known 
form, and we have finally 

/(a'- a?')2^a:= ia: (a=— a;')i+ ia'sin-»~. 

x^dx 
Ex. 3. To find the integral of - 



(a^^x^)^ 
Ans. — J ar (a' — x^)^ + J a*sin~» — . 

V. Method of Reduction, 
137. After the first division of a proposed integral into parts, the 
part to be integrated may again be divided into parts ; and so on, 
until, in the cases to which the formula is applicable, a final inte- 
gral sufficiently simple is obtained. The process is called integra- 
tion by continuation or reduction. 



/ — T' t \ t "^ L s-/ 

6v <t>K^€/^ti<>t- i^^i^r (i^*a- J 
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The method of reduction which we have now to explain is differ- 
ent from this. It consists in transforming, by aid of certain as- 
gamptions, a proposed integral into one more simple, and this again, 
by a repetition of the process, into one yet more simple, until it is 
made to depend upon the most simple of its class. 

The first form, to which the method applies, and the one of most 
frequent occurrence, is the binomial form fx'^''^dx{a-\-bx'*f. The 
method depends upon the principle that we may always make an 
integral of this form depend upon another of the same form in which 
one of the indices is altered ; viz. that of x without the parenthe- 
sis by the addition or subtraction of n, and that of the parenthesis 
by the addition or subtractioo of 1. 

Without preparing the general formulas, we shall solve a few 
J)articular cases, which will be sufficient to show the general spirit 
of the method, and furnish the means of obtaining some additional 
integrals we shall have occasion to use. 

Ex. 1. Let it be required to find the integral of 

x^dx (a" -^^ x^fK 
In this case the exponent of x without the parenthesis must be 

diminished. We assume, therefore, x^{a^ — x^)=Vf from which 
we obtain by differentiation 

2xdx{a^ — x^)^— xHx{6? — x'f^ = du. 

Multiplying and dividing the first term of the left hand member 
1 
by (a* — 2:')^, transposing and reducing we obtain 

2x^dx{a'' — x^f^ = 2a'xdx{a'' — x'f^ — du. 
The integration, therefore, is now made to depend upon that of 

xdx{a^ — x^) 2, of the same form with the proposed but more 
simple. And this being a known form, the integration is thus com- 
pletely effected. Integrating and reducing we obtain 



/t 



14 
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Ex. 2. Find the integral of xHx (1 — x')'^. 
Assume a: ( I — a;') * = t^. Ans. | sin-* x — J a;(l — x^y. 

Ex. 3. Find the integral of xdx{\ +:r)i 
Assume a:(14-a:f = «. Ans. -— (14-a:)^. -f-ZL, 

Ex. 4. Find the integral of dx(a^-^^Y^. 

In this case, the exponent of the parenthesis must be increased. 
We assume, therefore, a:(a' -|" '^Y^ = u. 

Differentiating we obtain 

du = dx ici^ -\- a^Y^ — Ax^dx {a" + x^^ ; 
adding and subtracting Aa^dx{a^ -^ x^^^, 

du = dx (a'+ a;'')-*— 4^a:(a»-j-a;^) {a''\-x^)''^+Aa'dx(a''+x')''^r 
or £?w = — 3^(a' + a;')-24-4aVj;(a»4- a;'^)-^; 

whence, transposing and integrating 

/dx X , 3 /» dx ^ 

(^+^ ~ 4 a' (a= + xy "*" 4? J (a' + x'f ' 

and the proposed integral now depends upon y*rfa:(a*-{- a:*)-', a 
more simple integral of the same class. Kepeating the process 
upon this last, we obtain 



fi. 



dx 1 x , 1 . , ^ 
— ,— ««— _— i— , . I ■ tan"" 

(a' ^ u:^ 2a^ * a^ -f a;* ^ Sa^ ' a' 



by means of which the integration of the proposed is completely 
effected . 

Ex. 5. Find the integral of x''^dx{a'+ x^)"^. 

Here the exponent of a; without the parenthesis must be increased. 

We assume, therefore, a;~2(a' + a;') ^ = w, and obtain 

y'* dx __ j^ (^+£)^_JL r ~ • 

and thus arrive at a known form. 






__„._ ---JL'^'.-^ 



t^ 



IhaJj^ ou^^jJL 
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Ex. 6. Find the integral of rf.r(a»— a;*)5. 
Here the exponent of the parenthesis must be diminished, and 
we assume x (a* — a:')' == m. 
Differentiating we obtain 

du = dx(a^—xy-' dx'dx (fl'— 2;')^, 
=zdx{a^ — a;*)^[ (a^ — z") — So;*], 

= dxia" — x^)i [{a' — a:^) + 3 (a» — x^) — Sa^ ; 
from which we derive 

4 4 

and the integral now depends upon a quantity already integrated, 
art. 136. 

Ex. 7. Find the integral of dx {2ax — a;')*. This is compreheur 
ded in the general form above, since the factor x within the paren- 
thesis maj be placed without. 

Assume a;(2aa; — x^) =^u. Differentiating and reducing we 
obtain 

dx (2ax — x^f = — (aa: — x") {2ax — x'f^dx -^-du; ^ 
= — dfa: {2ax — a:') ^ -f axdx {2az — a:')""* + du ; 

2(?a:(2a2;— a;')*=— a(a— a:)(^a:(2aa;— a:'r^ + a^dx {2az — x")'^ 
-^du; 

/dx{2ax — x^y = — 5— {2ax — a.*)^-f. --ver-sin-" — . 

Ex. 8. Find the integral of x^dx {2 ax — a:')""^. 
Assume a:(2aa: — x^)^ = u. 

Ans. -^ a'ver-sin"*^ -^ a{2ax — ar') * — J x {2ax — a;*) 2. 
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Ex. 2. Find the integral of x'dx (1 — x")"^. 
Assume a: (I — x^y=iu. Ans. isin-^a: — \x{l — a:')^* 

Ex. 3. Find the integral of zdx^X-^-x)^. 

3 2 3 Q^. O 

Assume 2:( I + 2:f = «. Ans. -I (l + a:)^ *— ^. 

»> o 

Ex. 4. Find the integral of dxiaJ'-^- x^)-K 

In this case, the exponent of the parenthesis must be increased. 
We assume, therefore, x{a^ -\' x^Y'^ = u. 

Differentiating we obtain 

du = (^a: (fl^ + a;')-2 — ^x^dx {a" + xY"" ', 
adding and subtracting Aa^dx{a^-\- a;^"^, 

du = dx{a'+ x^y^-^4.dx{a^-\-x^){a:'+x^)'^+Aa^dx{a''+xY^r 
or du = — 3dx (a' + x')-^ + 4 aVo: (a» + a:')-^ ; 

whence, transposing and integrating 

/dx x 3 p dx ^ 

(?+l?)^ ~ 4 a' {a^ + xy "*■ 4?y (a^ + a;=^)^ ' 

and the proposed integral now depends upon f dx {a^ -]- x^)-^f a 
more simple integral of the same class. Eepeating the process 
upon this last, we obtain 



t/(« 



dx 1 X .1.1^ 

• . tan-*— , 



by means of which the integration of the proposed is completely 
effected. 

Ex. 5. Find the integral of z'-^dx{a:'-{'X^fK 

Here the exponent of a; without the parenthesis must be increased. 

We assume, therefore, a;'~'*(a' -j" x^)^ = «> and obtain 

/» dx_ ^ 1^ (fl»^a:")^ 1 /» ^^ ^ 

•/^V:|.^.^i- 2a' a;' ^^V^^^.^^^ji' 

and thus arrive at a known form. 
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If a circle GMR be rolled along a straight line AL, any point M 
of the circumference of this 
circle will describe a curve, 
which is called the cycloid. 
The circle GMR is called 
the generating circle, and 
the point M the genera^ 
ting point* 

If the point M is at A, on the line AL, at the commencement of 
the motion, at the end of one revolution of the generating circle, it 
will again be found on the line AL, at some point L. And since 
all the points of the generating circle will thus haye come succes- 
sively in contact with the line AL, this line will be equal to the 
circumference of the generating circle. It is called the base of the 
cycloid. The line BO drawn perpendicular to the base, at the mid- 
dle point C, is equal to the diameter of the generating circle, and is 
called the axis of the cycloid. 

If after one revolution the generating circle continues to roll 
along the line AL, another equal curve will be described. We 
shall consider only the curve described in the first revolution. 

142. To find an equation for the curve, let A be assumed as the 
origin of the co-ordinates. Let us suppose that the generating 
point M has described the arc AM, and that K is the point of con- 
tact of the generating circle with the base AL. From H draw the 
diameter RG perpendicular to AL ; and from M draw MP per- 
pendicular and JVIQ parallel to AL. Then AR will be equal, it is 
evident, to the arc RM, and PM will be equal to RQ which is the 
ver-sine of the arc RM, 

Let r = OR, the radius of the generating circle, AP = x, PM 
= RQ =z= y. We shall then have 

a'==AR--PR = arcRM — PR; 

but, from the nature of the circle, PR = MQ = (2ry — y^)^; also 
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the arc RM = arc whose versed sine is RQ or y ; substituting 
these values, we shall have for the equation to the cycloid 

X = ver-sin~*y — (2ry — Vr^ 
in which the ver-sin is to the radius r. 

Differentiating both sides of this equation and reducing we obtain 

d.=—yJy (1) ^. 

(2ry- 2/^)2 
the differential equation of the cycloid when the base is taken for 
the axis of x. 

2. Taking next the axis BC for the axis of x and the vertex B 
for the origin, let BN = ar, NM = y. Then 

3^ = MO + RO = {2rx — 3:=^)^ + RC. 
But RC = AC — AR = 7rr — arcMR; whence 

y = (2rx — a:')2-[- nr — ver-sin-* (2r — x) ; 
from which by differentiation and reduction we obtain 

,,='(?!lZZf!li,., (2) 

X 

the differential equation of the cycloid, when the axis BC of the 
curve is taken for the axis of or, and the origin is at B. 

Area of the Cycloid, 

143. Galileo suspected the area of the cycloid to be equal to 
three times the area of the generating circle. This he sought to 
verify by a method purely mechanical. Failing to accomplish the 
object, he gave up the problem as hopeless. About the year 1628, 
Mersenne suggested the problem to Roberval, one of the most dis- 
tinguished geometers of the day, who failed to* solve it. After a 
period of six years, devoted to the study of the ancient geometry, 
the attention of Roberval was again directed to the problem, when 
he succeeded in effecting a solution. Let us now apply the Calcu- 
lus to it. 
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Kesuming the general element of a curve surface dA = ydx, and 
integrating this expression by parts, we obtain l>, i^y 

K = xy—fxdy\ ^r^r.y\ 

substituting for dy its value from equation (2) of the cycloid, we 
obtain for the area 

A.=:zxy —fdx{2rx — x")^ -{- C, 

in which fdx{2rx — a?')^ expresses the circular area to the radius 
r and abscissa x. J ' ^ 9 • 

If we take the integral between a: = 0, a?=2r, recollecting that 
when ;r = 2r, y = AC = B&C 
wr, we obtain 



A=:27r7'— semicircle BGO 

whence, doubling to obtain 

the whole area, we have 

the area of the cycloid equal to three times the area of the gene' 

rating circle. 

Tangent and Normal. 

144. The success of Roberval in discovering the quadrature of 
the cycloid was communicated by Mcrsenne to Descartes, then ia 
possession of the analytic or new geometry of which he was the 
founder. Descartes, disposed to speak slightingly of the discovery 
of Roberval, proposed as a challenge the problem of the tangent to 
the curve. Roberval failed to solve the problem, but Fermat, a 
geometer little inferior to Descartes, succeeded in obtaining a solu- 
tion. 

We now apply the Calculus to this problem. 

1. Resuming the general expression for the subtangent, art. 30, 
and substituting from equation (1) of the cycloid, we obtain 

- • .. Subtan. PT==- 




the base being the axis of x. 



(2ry-2,»)i' 
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2. By a similar substitution we obtain for the subnormal 

"^^^ 3 ^ Subnormal PR = (2ry — f)K 

But this (fig. art. 142) is equal to MQ. Thus the normal MR 
and the diameter RG of the generating circle intersect the base 
at the same point. 

This property furnishes a ready method for drawing a tangent to 
any point M of the curve. 

3. To determine next where the tangent is perpendicular to or 

parallel to the base of the curve, from the equation to the curve 

we deduce i r - , 

dy _ (2ry-^f)^ V+ 

dx y 

dy 
Here if we put y = 0, ^ = oo . 

Thus the tangent is perpendicular to the base at the origin. 

r^y . 
Again, if we make y = 2r, we have -^ = 0. 

The tangent is therefore parallel to the base when y is equal to 
2r, or at the extremity of the axis. 

4. Since for y = 2r, -p- =: 0, the maximum value of y loill be 

ax 

the diameter of the generating circle. 

Volume of the solids of Revolution, 

145. The next problem in regard to the cycloid which obtained 
solution, relates to the solids formed by the revolution of the curve 
about its base and axis. This was accomplished about the year 
1644, and the honor of being first to obtain the solution is incon- 
testibly due to Roberval. 

Let it be proposed next to find the volume of the solid produced 
by the revolution of the cycloid about its base. 

Resuming the general element for the solids of revolution, 
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dY = nydXf and substituting from the equation of the curye wo 
obtain _ /» m/dy 

Employing, to obtain the integral, the process of art. 137, we 
assume y^(2ry — y') " = «, or placing the y^ within the parenthesis, 
(2ry' — y')^ = u. 

Differentiating, transposing, reducing and integrating, we obtain 

( -K.J # = -- nr J _ _ ny\2ry—yY' 

lo) Also, A^^-i=|r»ver^in-f-|-r(2ry-j^«)4.. 

— Y2'(2'•2''-M 
If we now take the integral between y =0, y =2r, and double 
the result, we have for the whole solid 

2V=57rV». 

But the base of the circumscribed cylinder is equal, it is eyi- 
dent, to 7r(2r)', and its solidity to Stt'/^ The solid, therefore, 
generated by the revolution of the cycloid about its base is equal 
to Jive-eighths of the circumscribed cylinder. 

Segments of the Cycloid. 

146. Twelve years after the last of the preceding discoveries the 
attention of mathematicians was again directed to the cycloid by 
the problems proposed by Pascal. Thus far the area of the curve 
and the volume of its solids had been found for the whole curve 
only. Pascal proposed the more general problem, viz. to determine 
any segment of the area, and of the solids of revolution ; and to 
the solution challenged the mathematicians of the day. 

The preceding solutions embrace this problem, so far as it relates 
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to the area of the curve, and the solid produced by its revolution 
about the base. 

Thus if we wish to find the area of the segment MBM' (fig. art. 
143), resuming the expression for the area 

A = xij —fdx {2rx — ar^)i (1) 

we have onlj to take the integral between a: = 0, a; = BE. Twice 
the value of this integral will be the area sought. 

1. As a particular case let a: = BE = Jr. Then 

y = GE + MG, arcBG = 60° = i7rr. v'i^^ i^ 

But GE = V (i^E X EC) = V (iO= i ^ V 3 ; and, by the 
property of the curve, MG=:the arc BGi=. J^rr; whence y=: 
Jr/^S-j-jTrr; wherefore 

also, art. 137, Ex. 7, fdx{2rx — x')^——\r''^^-\- lirr^ ; 
whence by substitution in (1) 2A = I r'^ v' 3. 

But GE X EC = |r''^3. Thus the area of the segment is 
equal, in this case, to the rectangle GE X EC. 

2. If a: = r we find, in like manner, the area of the segment 
equal r'. 

The first of these properties was discovered by Huygens, and also 
by Wren in the researches occasioned by the challenge of Pascal. 
The most important result of these investigations was, however, the 
discovery by Wren of the rectification of the cycloid, and the quad- 
rature of the surface of its solids of revolution. 

Rectification of the Cycloid, 
147. Besuming the expression for the element of a curve line 

dz = {dx^ + dy')^, r 
substituting from equation (2) of the cycloid and reducing, we obtain 

(2r\A 
ydx; ^ 
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whence by integration • i 

Taking the integral between a; = 0, ar = BE (fig. art. 143), we 

have z=2 (2rBE)i = 2 BG, 

since BGr is a mean proportional between BO and BE. 

Thus, the arc of the cycloid estimated from the vertex of its axis 
is equal to twice the corresponding chord of the generating circle. 

Taking the integral between ar = 0, a:= 2r, we have z = 2(2r) 

or twice the diameter of the generating circle. Thus, the whole 

length of the cycloid is four times the diameter of the generating 

circle. 

Surface of the Solids of Revolution, 

148. 1. To find the surface of the solid produced by the revolu- 
tion of the cycloid about its base. 

Resuming the general element of the surfaces of revolution 

ds — 27ty{dx'-{-dyY7 * 
and substituting from equation (1) of the cycloid, and reducing, we 

(2r — y)^ 
Integrating by the method of art. 137, we have 

S = 2n(2r)* [- 1 (2r - y}^ - 2y{2r - y)^ + C 
Taking the integral from y = to y = 2r, and extending the 
integral over the whole surface, we have 

2S = ~:rr^ ^ 

When the cycloid is revolved about its base, the whole surface, 
therefore, is equal to sixty-four thirds of the generating circle. 

2. To find the surface of the solid when the curve is revolved 
about its axis. 
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Substitating in the general element from equation (2) of the cy- 
cloid, we have i , 

Integrating by parts, and substituting for dy its value t ^t«Hti^ 

S = 4t7ty(2rx)^ — 4tn{2r)^fdx (2r—x)^. 4^-3 - • 1 ^^ "^ 

Integrating from 2; =s to x = 2r, and recollecting that when 
x:sss.2r^ yzssTtr, we have for the surface 

Radius of Curvature, Evolute, 
149. If we differentiate the equation to the cycloid 

On) t?x = ^-^ — J, 

regarding dx as constant, we obtain 

fO = iyd^y + dy^)(2ry-y^)i- y'y^'-'y-y'y\ 

{2ry-f)^ 
or reducing and dividing by y, 

<1) = {2ry — y^)d^y + rdy'; 

whence we obtam/5) d^y= rr ^— =• =« =-. 

2ry — f y' 

Substituting next the values of dy and d^y in the general expres- 
sion for the radius of curvature, 

-* dxdJ'y 
art. 102, and reducing, we obtain 

Il = 2(2ry)*. ("^^ 
But if we determine the value of the normal MR (fig. art. 141) 
we shall find MR = (2ry)2. Thus the radius of curvature cor- 
respondiug to aiiy point of the cycloid^ is equal to dotible the 
normal. 

15 
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Substituting next in the formulas for the co-ordinates of the 
centre of the osculatory circle, equations (7) and (8) art. 102, tho 
values of dy, d'^y already found, we obtain 

Substituting these values in the transcendental equation of the 

cycloid, z = ver-sin"^?/ — (^^V — V/t w® obtain 

a = ver-sin-* (—b) + (— 2rb — b^)^, 

the equation of the evolute referred to the primitive origin and the 
primitive axes. It is also the equation of a cycloid situated below 
the axis of x, the generating circle of which is equal to that of the 
given one. 

If the origin be transferred to A', A'C being taken equal to CB 
or 2?-, the vertex B will be 
transferred to A, the extremi- 
ty of the base, and the arc 
A'A will be identical with 
the arc AB. Thus ike evo- 
lute. of the cycloid is an equal 
cycloid. 

These properties were first discovered by Huygens. 
Dynamical properties, 

150. In addition to the preceding geometrical properties, the cy- 
cloid is found to possess the two following remarkable dynamical 
properties. 

1°. It is the curve along which a body under the action of gravi- 
ty, will fall in the shortest time from one point to another not in the 
same vertical. ;. ^ ' '•' 

2°. If the cycloid be inverted with its base horizontal, a body 
under the action of gravity will reach the lowest point in the same 
time from whatever point of the curve it begins to fall. 
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We shall resume these problems when we come to the application 
of the Calculus to Mechanics. 



SECTION XIV. 



QUADRATURE OF AREAS AND CUBATURE OP SOLIDS CONTINUED. 

151. We have now seen the manner in which the Calculus is ap- 
plied to the various problems which relate to plane curves. We 
proceed to i<ome further examples of its application to the quadra- 
ture of areas bounded by curve lines and the cubature of the solids 
produced by their revolution. 

Ex. 1. Cissoid of Diodes. 
' This curve was invented by Diodes, a Greek geometer who lived 
about the sixth century of the Christian era. The purpose of its 
invention was the solution of the problem of finding two mean pro- 
portionals. The curve is generated as follows. On the diameter 
AB of a circle erect two equal ordinates NR, MQ. Join QA ; the 
point P in which the line Q A intersects NR will be a point of the 
curve. In like manner, through A and R draw a line meeting in 
a point P' the ordinate MQ produced ; P will be a point in the 
curve. 

To find an equation to the curve let AB=23, AN =2:, PN=y, 
Then, by similar triangles, T| 



PN 

an' 



QM y 



(2fla:— a:»)i 



2a — X ' 
and we shall have for the equation sought 



r=T 




%x — z 



Figure of the curve, 1°. It meets the diameter AB at the 
point A. 2°. It passes through the point D, the extremity of the 
radius CD. 3°. The perpendicular BM, at the extremity of the 
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y-^ 



diameter AB is an asymptote to the curve. 4®. It consists of two 
;c - . . equal branches, one above and the other below the diameter AB, 
and which meet in a cusp at the point A. This last property, 
through the defect of their geometry, was not perceived by the 
ancient geometers. • 

1. To find the area. 

Substituting in the general element, dA= ydxy we have for the 
area of the curve ^ | , 



(2a — x)^ 



This integral is easily reduced to Ex. 8, art. 137. Integrating, 
however, by parts we have , 

'• A =lx^ — ^ = — 2j^{2a — xy+Sfdx(2ax—xy']-C, 

or area ANP = — 2a;\2a — a:)^ -f- 3 circular area ANR+ C. 

Taking the integral between a: = 0, a: = 2(z, the area between 
the curve and its asymptote will be three times the area of the 
semicircle ARB. Or, doubling, on account of the two equal branch- 
es, the whole area of the curve will be three tirnes the area of the 
generating circle. 

1. Volume of the solids produced by the revolution of the curve. 

First, if the curve revolve about the axis AB, we have, by sub- 
stitution in the general element, Try^dx, of the solids of revolution, 
dividing and integrating &A ^ '5i, Af '>j 

the constant being determined by reckoning the integral from the 
vertex A. 

Second, if the curve revolve about the asymptote, we have 

{2a — xf '" " ■"" - 
= ;r (3a — a;) <to (^ax — a:*)^ ; 












K - 




QUADRATURE OP AREAS. 173 

from which we obtain by integration ;^-'^j^^ t 

il '' ^ 

Taking the integral between a: = 0, a: = 2a, we have 
V = 7r(2a.i7ra»)=7iV, 
or doubling for both branches 2V = 27r^a'. 

Ex. 2. T^c W^cA o/ ^^we52. 

This curve was the invention of an Italian lady, Donna Maria 
Agnesi. It is described as follows. In the ordinate produced of a 
circle AMB, take a point P such that FN : AB : : MN : AN ; P 
will be a point of the curve. Put- j i 

ting A^=fl, AN=a:, PN = yi 
the equation will be 
< ' a:y' = 4a'(2a--a:). 

1. To find the area we have 

dK = ^ax'^dx (2a — x)^; 
whence by the process, No. 4, art. 133, 

A := 2a l{2ax—x')^ + a ver-sin-^^] + C. 

a 

Taking this from a: =& 2fl to a; = 0, and doubling, we have 

2A = 47^a^ 

Hence the whole area between the curve and its asymptote, will 

be equal to four times the area of the generating circle, 

2. To find the volume of the solid produced by the revolution 
of the curve about its asymptote. 

Taking the asymptote AK for the axis of a:, the equation to iJia 
curve will be xy == 2a{2ay — y^)^. ^x ,h^" Ic^ - ^j"" ■ ^' 

But, integrating by parts, 

V = nfy^dx = Tty^x — ^itfxydy^ 
whence by substitution 

V = nfx — Anafdy {2ay — f)^J^C; 
and wo shall have for the whole volume 47r'a'. 
15*. 
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Ex. 3. The companion to the Cycloid, 

This curve derives its origin from the cycloid. If, in the pre- 
ceding figure, an ordinate NM of a circle be produced until we have 
NP equal to the arc BM, intercepted between it and the extremity 
of the diameter, the extremity P of this ordinate will be a point in 

Putting AQ-= a, PN>= x, AN = y, the angle BCM = oj, the 
curve will be defined by the equations 

X=.aett, (1) 

2^ = a(l-|-cosa/). (2) 
To find the area, we take the differential of the first equation and 
multiply the result by the second, which gives by integration 
A = a' (a; 4- sin a;) + C. f '^7 ^'^ 
Taking this between 4» = 0, <w = tt, and doubling, we have for 
the whole area 2 A = 27ra'» 

Thus the whole area of the curve is equal to twice the area of 
the generating circle, 

Ex. 4. The Lemniscate of Bernoulli. 

The form of this curve is that of the figure 8. It has for its 
polar equation r^ = a^ cos 2af, 

To find the area, we have by substitution in the element of the 
area of polar curves, dA = |rV^, art. 126, and integrating, 

A = payees 2Afdat == ia^fooa 2af2dM == ia'sin 2a;-J- C. 

If we take this from w = to a; = i tt, we have 
A=z\a\ 

This is the fourth part of the area of the whole curve, which is, 
therefore, equal to a^. 

Ex. 5. To find the whole area of the curve expressed by the 
equation y {a"" — x^)^ = 4^\ ^3. /*.»«• 

Ans. 4aV, or four times the area of the circle whose radius is a. 



CUBATURB OF SOLIDS. 175 

Ex. 6. Find the area of the curve expressed by the equation 

' Ans. -—- log — ■ — . 

2 ^a — x 

DOUBLE INTEGRALS. 

152. When an area is referred to rectangular co-ordinates, the 
most general expression for its element is the infinitely small rec- 
tangle of which the differentials dx and dy are the sides. Thus we 
have dA:=: dydx. 

To find the area we must integrate between proper limits with 
respect to each of the variables in succession. This double integra- 
tion is indicated by writing the sign of integration twice before the 
quantity to be integrated. Thus we have 
• A^=ffdydx, 

One of these integrations may always be performed, so that we 

shall have either 

fydx'\- C, or fxdy + C ; 

and these integrals must be taken between the values of y or a; by 
which the area is bounded. 

If we take the first of these expressions, the limiting values of y 
will be either constants, or functions of x which will be given by 
the equation of the bounding curve. These being substituted, there 
will remain for* the second integration a function of x alone, the in- 
tegral of which must be taken between the limits required by the 
problem. 

An expression of the form A =:^ffdydx is called a double in* 
tegral, 

153. In like manner, if a solid is referred to rectangular co- 
ordinates, we may take for the element the infinitely small parallele- 
piped expressed by the product of the differentials dx, dy, dz. We 

shall have, therefore, 

^V = dxdydz ; 

whence V z=sfff dxdydz, 

in which the integral must be taken between proper limits with 
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respect to each of the variables in succession. An expression of 
this form is called a triple integral. 

The order of the integrations is altogether arbitrary, and we may 
employ that which is most convenient. Integrating, first, for ex- 
ample, in respect to z, and supposing the integral to begin when 
2; = 0, the expression for the volume becomes 

V =ffdxdyz, 
in which z will be given in terms of x and y from the equation of 
the surface. Substituting for z its value, the integration will then 
be reduced to that of a double integral which will be a function of 
X and y only. 

Ex. 1. The axes of two equal right circular cylinders intersect 
at right angles ; find the volume of the solid, common to both. 

Let the intersection of the axes of the cylinders be the origin of 
co-ordinates, and let their axes be taken for the axes of x and y. 
The equations for their surfaces, a being the radius of the base of 
the cylinders, will be ^/ ^ ^\ / /^ ^ 

and V =fffdxdydz. 

Integrating first in respect to 2, and recollecting that the integral 
begins when z = 0, Y:=:ffdxd?jz. 

Substituting next the value of z from the first equation, 

Y=ffdxdy{a^^x^)K 

From the second equation we have y= (a* — a:') 2, which gives 

for the limits of y, y = 0,y = (a* — x^)^. Integrating between 
these limits in respect to y, we have next 

Integrating, finally, thid last between a; = 0, a; = a, we obtain 

^=¥- 

This is one-eighth of the whole intercepted solid, which will be, 
therefore, 16-2^ 






= OiP^y^ 
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Ex. 2. Find the yolume of the elliptic paraboloid, which has for 
the equation of the surface, 

a ' 

We have V =ffzdzdy = (jy/fdxdtj {2bx — y')K 

If we make z = in the equation of the surface we obtain y^ = 
2bxy an equation which establishes a relation between the ordinates 
X and yj from which we derive for the limits to y, ?/ =0, y = (23x)a. 
The integral fdy{2bz — y^)^ expresses a circular area to the ra- i'jf 
dius (2bx)^ and abscissa y, and which integrated between the limits 
y= 0, y=(2bx)^f (Ex.2, art. 136) becomes ^nbx. Integrating, 

therefore, the expression for V between y = 0, y = (2^2:)^, we ob- 
tain 7t X n X 

V = -^ {ab) ^fxdx = —{ab)^x\ 

If we now take this integral from a; = to xz=:^c and multiply 

by 4, we shall have n(ab)^c^ for the volume of the paraboloid in- 
tercepted between the vertex and a plane parallel to the plane of 
yz at a distance c. 

Ex. 3. Find the volume of the ellipsoid with unequal axes, the 
equation to which referred to the centre and axes is 

Substituting its value for z in the general formula Y=ffzdxdyf 
and integrating with reference to y between the limits y = 0, y = 

^(a« — a:2)i, wefind 
from which we obtain for the whole volume V = |^fl3c. 



'Y=.^.^^f{a'-^)dxi 
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If we make h and c each equal a, we shall have V = 1 7^a^ the 
volume of the sphere. 



SECTION XV. 

APPLICATION TO MECHANICS. VARIED MOTION. 

154. Our illustrations of the use of the Calculus as an instru- 
ment of investigation, have been derived chiefly from Geometry, and 
we have seen how important the service it has rendered this science. 
Problems, which solved by the previous methods, not excepting the 
more effective ones of Descartes, were tedious and embarrassing, are 
solved by it with the greatest facility ; and others, the solution of 
which entirely baffled the skill of the ancient geometers, yield at 
once to its power. Splendid as these triumphs are, they are com- 
paratively insignificant in view of the results it has accomplished 
in the department of the Physical Sciences, especially in that of 
Physical Astronomy. Here its powers are most conspicuously dis- 
played and its most wonderful achievements accomplished. We 
proceed to such illustrations derived from these sources, as the na- 
ture of a mere elementary treatise admits, and which may serve to 
give some idea of the use of the Calculus in this higher and wider 
field of inquiry. 

VARIED MOTION. 

155. A force which acts without intermission, and the intensity 
of which remains the same during the time of its action, is called 
a constant accelerating force. 

Let (p represent the velocity generated by the constant force in 
the unit of time. Then, since the intensity of the force is measured 
by the velocity it is capable of producing in the unit of time, (p will 
represent the accelerating force. Let ii be supposed that the force 
has acted for a number of units represented by ty and let v be the 
velocity generated at the end of the time t ; we shall then have 
i? = (p^, whence ^ 
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2. A velocity which is constantly changing is called a variable 
velocity. Let v be the variable velocity generated at the end of 
the time t. To find a measure for this velocity we suppose it to be 
constant during the next succeeding infinitely .small element dt of 
the time. Let dsy described in the time dt^ be the corresponding 
element of the space, we shall then have 

'=%■ ^^ 

3. A force which acts without intermission, and the intensity of 
which is constantly varying during the time of its action, is called 
a variable accelerating force. 

Let (f> represent the variable force. Assuming this force to be 
constant during the infinitely small element dt of the time, the ve- 
locity generated in this time will be <pdt. But the velocity genera- 
ted by a constant force in an infinitely small time dt is also infin- 
itely small. Denoting this by dv we shall have dv=^(pdtf whence 

.= |. (3, 

DiflFcrentiating next equation (2), dt being regarded as constant, 
and substituting in (3) we obtain 

or the variable accelerating force is equal to the second differential 

of the space divided by the square of the differential of the time. 

From the equations (2) and (3) a third may be derived which is 

sometimes useful, viz. l 

ds=-^vdv, (5) 

These are the fundamental formulas of varied motion. Let us 
now apply them to some examples. 

Rectilinear Motion, Forces directed to a Centre, 

PROBLEM T. 

156. Let it be required to determine the motion of a body acted 
upon by gravity and falling vertically, the variation of gravity and 
the resistance of the air not being regarded. 
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In this case the accelerating force, <p, will be constant, and de- 
signating it by gy the velocity communicated in a second by gravity 
at the surface of the earth, we have 
^_ 

Multiplying both sides by dt and integrating 

But since the velocity is 0, when ^ = 0, the constant C is 0, and 
we have finally for the velocity 

V :^ gt, (1) 
2. To find the space, we have ds = gtdtj from which we obtain 

s=igt\ (2) 
From the equations (1) and (2) we obtain by substitution, z?' = 
2gSj or u = (2^5)2, which gives the velocity acquired by a body 
falling through a given height. 

PROBLEM II. 

157. Let it next be required to solve the problem, taking into 
consideration the variation of gravity without regarding the resis* 
tance of the air. 

Let S be the centre of the earth, A the point from which the 
body begins to fall, P its place at any time t from the beginning of 
the motion. Let SA = a, SP = x, SM = r the radius of the 
earth, and g = the force of gravity at the surface of the earth. 



S M PA 

Then, gravity varying in the inverse ratio of the square of the 
distance, we have <p : ^ ; : r* : a:*, 

whence ?> = ^ ; 

x^ 

and giving to (p the negative sign, since the force being directed 
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toward the origin tends to diminish the distance x, we have for the 
equation of the body's motion 

di'' ^ x"' 
Multiplying both sides by 2dx, 

Qdxd^x 2gr^dx ^ 

~d? x^~' 

whence by integration 

dx^ « « 1 . ^ 

Determining the constant, recollecting that r = 0, when x = a,- 
we have finally 

. = (2^.')i(l_l)^. (1) 

which will give the velocity at any distance x from the centre of 
the earth, or a — x from the point from which the body begins to fall. 
If we suppose a = oo and a: = r, we shall have 

v = {2gr)i; (2) 
that is, if a body fall from an infinite height to the surface of the 

earth, the velocity acquired will be finite and equal to {2gr)^. 

If we assume r = 3965 miles, and substitute this value in the 
above equation, we shall have the velocity at the earth's surface 
equal to 6.9506 miles per second. If then a body be projected 
upward with a velocity equal to seven miles a second, supposing no 
resistance from the air, it will not retiirn again to the surface of 
the earth. 

Suppose a body falling from the distance of the sun ; to deter- 
mine its velocity when it arrives at the surface of the earth. As- 
suming this distance = 12000 of the earth's diameters or a = 
24000 r, we shall have by the equation (1) 
/^ 23999 \i 

16 
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Performing the calculations we obtain for the velocity BOti^t 
6.9505 miles per second. 
2. To find the time. 

dx . . 

Resuming the expression for the Telocltj — , affixing the sign — t 

since x decreases as t increases, and deducing the value of dti we 

hence by integration 

But ^ = when x = a; hence C'=i^a7t, and we have 

which gives the time for any distance x. 

The distance of the moon from the earth is 60 semi-diameters oi 
the earth. Assuming a semi-^diameter equal to 3965 miles, the 
time in which a body would fall from the moon to the earth's sur-* 
face is 4 days, 19 hours, 46 minutes, 40 seconds. 

PROBLEM III. 

158. A body descends, within a hollow tube, from a point with- 
in the surface of the earth, towards the centre. To determine the 
circumstances of the motion^ 

In this case the force will vary as the distance directly. Let S 
be the centre of the earth j^A the point from which the body begins 
to fall, P its place at the end of any time t from the beginning of 
the motion, and SM = the radius of the earth. 



S P AM 

Using the same notation as in the preceding problem, let SA = a^ 
SM = r, SP = 2:; then g:<l>::r:Xy 

whence <p = — ; 
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and the equation for the body's motion will be 

^ — _€f . 
dv'~ r ' 

from which we obtain for the velocity at any distance x from the 
*^"*'"' ' .= (i:)i(a'-:^)i. (1) 

Here if we make a: = 0, and a = r, we shall have 

which will be the velocity of the body when it has arrived at the 
c^tre from the surface of the earth. 

From equation (1) we have, it is evident, t? = for 2: = a, or 
a: = — a. This double value of x shows that when the body has 
fallen from any point to the centre, it will, in virtue of the velocity 
thus acquired, rise to an equal distance on the other side, from 
whence it will again descend, and passing through the centre return 
to the point from which it first started ; and thus continue to vibrate 
forever. 

2. To find the time. 

Deducing the value of dt from the equation for the velocity, giv- 
ing it the sign — , and integrating, we obtain 



'=(7)^*^^"T- (^) 



To find the time in which the body will fall to the centre we put 
a: s=: 0, which gives '^ / ^ \ i 



'=m 



This result is remarkable, since it does not involve the distance 
from which the body begins to fall. Thus the time of arriving at 
the centre will always be the same from whatever point the motion 
of the body commences. (^y^^A. : (rwi- A*^r^^ -/^ / 4*^ — 

Assuming r = 3965 miles, the time of falling from the surface, 
or from any point, to the centre is 21' 7.3" ; and in passing through 
the whole diameter 42' 14.6", 
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PROBLEM IV. 

159. The preceding are only particular cases of the following 
general problem. 

A body P fulls from rest from a given point A towards a centre 
of force S, the force varying as some power of the distance SP. 
To determine the circumstances of the motion. 



S *P A 

Let SA = a, SP == a: ; and let m represent the intensity of the 
force at the unit of distance. Without proceeding further with the 
general solution, let the learner now solve the following particular 
cases. 

1. Find the velocity when the force varies directly as the square 
of the distance. 

In this case we shall have for the equation of the body's motion 

-— =r — mx^, 
at 

Proceeding in the same manner as before, we obtain 

2. Find the velocity when the force varies in the inverse ratio of 

the square root of the distance. 11 l l 

Ans. v = 27r?(a^ — x^S^. 

3. Find the velocity when the force varies inversely as the cube 

of the distance. . \{c? — a:') 2 

Ans. v=m^ . 

ax 

4. Find the time when the force varies in the inverse ratio of the 
cube of the distance. ^^^^ ^t=\{a^- x')^. 

PROBLEM V, 

160. Let there be next two centres of force, the forces attracting 
in the inverse ratio of the square of the distance ; to determine the 
circumstances of the motion. 
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Let A and B be the two forces at the points A and B. Let P, 
in the right line which joins these points, be the position of the 
body at the end of the time t, and let D be the point of departure, 
the motion being from A toward B. 

A D P 6 B 

Put AB = c, AD = my AP = a?. Let a' represent the inten- 
sity of the force A at the unit of distance, and h^ that of B at the 

same distance ; —, and . will be the intensity of these forces 

a;' (c — xy 

respectively when the body is at P, The accelerating force, it is 

evident, will be equal to the difference between these two forces, 

since one tends to increase the distance of the body from A and the 

other to diminish it. We shall have, therefore, for the equation of 

the body's motion 

dt* {c—xf rr ^^> 

Multiplying first by 2dx, and integrating, 

g=^^ + ?^ + C=««. (2) 
dt* c — x ' a: ' ^ ' 

To determine the constant, let A: = the velocity of the body on 

its departure from the point D. We shall have, substituting for x 

in (2) its value m. 9A» 0/,« 

;t» = jf£. + fl4-C. (3) 

Deducing the value of C and substituting in (2) 

r'==A:» + 2J'(-i---L)-2a'(l-l); (4) 
\c — X c — m/ \m x/ 

from which the velocity may be found for any position of the body 
between the points A and B. 

There will be, it is evident, on the line AB which joins A and B, 
a point C in which the two forces are equal ; so that if the body 
should be placed at this point, or should arrive at it without any 
velocity, it will remain in equilibrium. 
16* 
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Let h be the distance AC of this point from A ; then 

{c — hy ~ h'' . 
from which we deduce two values of h, one of which belongs to the 
point C between A and B, and the other to a point C, situated on 
AB produced on the side of the least force. The first of these 
two values is ac 

Let v' be the least initial velocity which must be impressed upon 
the body in order that it may reach the point C with its velocity 
reduced to ; then 

k=^v\ x'=ih = — ,—7-, and r = ; 
a '-\- o 

whence by substitution in (4) we obtain 

."=-i^- + ?l'_2^L+Jl'. (5) 
c — m 7n c 

If the initial velocity k is loss than ©', the movable will return 
back toward A ; if greater, it will pass through C and move on to- 
wards B. If k is equal to v', the body will move on to C and 
there remain suspended between A and B. 

If A and B are the centres of two homogeneous spheres, the 
forces may be regarded as the attractions of the two spheres re- 
spectively, and the intensities a' and b^ will be to each other as the 
masses of the spheres. Thus, let B be the centre of the earth, A 
that of the moon ; the mass of the latter being assumed as one 
seventy-fifth of the former, we shall have 

whence r 

^=_^^=: 0.10352c. 
1+V75 

The point of equal attraction between the earth and moon is, 

therefore, very nearly one-te7ith of the distance between them 

reckoned from the moon. 
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PROBLEM VI. 

161. Let the body be acted upon by an attracting and repulsive 
force. 

Suppose the body placed at A to be acted upon by an attracting 
force tending to make it move from A towards B with a motion 
uniformly varied, and a repulsive force varying inversely as the dis- 
tance from the point B and tending to push the body from B to- 
wards D. 

BAND 

Let AB = a^ and N being the place of the body at the end of 
the time ^ let AN = x. Let vi = the intensity of the repubivo 
force at the unit of distance, and g = the uniform accelerating 
force. The equation of the body's motion will be 
^x m 

d? ~a+l "^' 
and we obtain finally for z?" 

t?' = 2m log (a -[- a:) — 2m log a — 2gx, 
which will give the velocity when the body has passed over any 
space x. 

The formula for v would find its application in the case of a pis- 
ton placed in a vertical cylinder open at top, and in which it moves 
freely. The piston is urged downward by gravity with a constant 
accelerating force, and pushed back by the elastic force of the air 
beneath, varying in intensity in proportion inversely to the distance 
of the piston from the bottom of the cylinder. 

Forces directed in any manner in the same plane, Curvi' 
linear motion. 

162. In the preceding examples the directions of the forces have 
all been in the same right line. But the forces may be directed in 
any manner with respect to each other. "We shall take the most 
simple case, that in which the directions of the forces are all in the 
same plane. We have then the following general problem, viz. 
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To find the eqitations of motion of a point moving in a plane 
and acted upon by any forces in that plane. 

Let the forces be resolved each into two others parallel to two 
rectangular axes taken in the plane of the forces. Let X repre- 
sent the aggregate of the resolved forces parallel to the axis of a:, 
and Y the aggregate of those parallel to the axis of y. Let x and 
y be the co-ordinates of the position of the point, and t the time 
reckoned from a given epoch. For the forces in x and y respec- 
tively we have, art. 155, 

in which X and Y will be positive or negative according as they 
tend to increase or decrease the values of x and y respectively. 

Let ds be the element of the path of the point. Then -f will be 

dt 

the velocity of the body in its path. Let a. and /3 be the angles 

which the element ds makes with the axes of x and y. We shall 

then have 

ds dx ds dy ^^. 

— - cos a = -— ; -— cos ^ = —-. (2) 
dt dt dt ^ dt ^ ^ 

These are the general equations by means of which the motion of 
the point is determined. The motion may be either rectilineal or 
curvilinear. 

163. We shall take a particular case of the two* following gener- 
al problems. 1°. Given the forces which act upon a body to de- 
termine its path or trajectory. 2°. The motion being known, to 
determine the forces that will cause the body to describe a given 
trajectory. 

I. Suppose a repulsive force to vary inversely as the cube of the 
distance from a given plane, and let a body be projected from a 
point at a given distance from the plane, and with a given velocity 
in a direction parallel to the plane ; to determine the trajectory. 
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Let AX, AY, be two restangular axes, one of which AX is in 
the given plane, and the other AY perpendicular to it, and passing 
through the point N, from which the 
body is projected in a line NS parallel 
to AX. The trajectory, it is evident, 
will be convex to the given plane, and 
will be in the plane of the axes AX, 
AY. Let M be the p^ace of the body 
at the end of the time t ; let AP = a:, 
PM = y, and a = the distance of the 
point of projection of the body from the given plane. Let m rep- 
resent the intensity of the repulsive force at the unit of distance, 
and V the given velocity of projection. We shall have for the 
equations of the body's motion 




X = vf, or dx = vdtf 

d^y m 
dt^~l?' 



a) 

(2) 



Integrating equation (2) by the usual process, recollecting that 
the velocity in the direction of the axis of y is when y = a, we 
obtain ^y^ 

d? ' 



1/ /I 1 \ 



(3) 



Eliminating next dt by means of the equations (1) and (3), we 



have, 7/1 being 1, 



aydtj 



dx 



(4) 



Integrating this, observing that for a: = 0, y = a, we obtain 



an equation which contains the variables x and y only, and which 
determine the trajectory. 
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Deducing the value of y^ from this equation we have 

the equation of the trajectory. The trajectory is, therefore, an 
Hyperbola whose semi-axes are a'o and a respectively. 

From what has been done we see that if the functions X and Y 
in the equations (1) are given by the conditions of the problem, 
and the integrals of these equations can be taken, they will contain 
the three variables a:, y and t only ; and if t can be eliminated, we 
shall obtain an equation in x and y only ; which, expressing the re- 
lation between x and y, will give the equation of the trajectory or 
path described by the body. 

II. To find the forces which must act upon a point, so that it 
may describe the arc of a parabola with a uniform motion. 

Let s represent the curve, x and y the co-ordinates to any point, 

and y* =403: be the equation to the parabola. Then, smce the 

velocity is constant, we shall have 

ds ^ 

— z=zC, a. constant quantity ; ^ 

^ ds* dx^ , dy" 
whence ^= tt^ = tt + 3^- 

From the given equation y^ = 4aa;, we have 

dx \x / 

dx" C 






Differentiating this last and reducing, we obtain 

d^'x C ^a 

5? — 2^7+ xf 
which gives the force parallel to the axis of z. 
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In a manner altogether similar we obtain 

for the force parallel to the axis of y. The negative sign shows 
that the force tends toward the axis of x. 

Combining these two forces we shall have the whole force which 
acts upon the point in any position in its path. 

Motion along Curve Lines. 

164. The preceding formulas for curvilinear motion apply equal- 
ly to motion along curve lines, the reaction of the curve in the di- 
rection of its normal being regarded as one of the forces acting 
upon the body, and being resolved, with the others, in the direction 
of the co-ordinates. It will, however, be more simple in the prob- 
lems we propose to solve, to consider only the forces along the curve. 

Let AMB be the curve along which the body moves, and BZ 
the vertical axis to which the curve is referred. Let M be the 
point at which the body has arrived at the end 1 
of the time t. Let s be the arc BM reckoned 
from the lowest point B. Let ME be one of 
the infinitely small sides of which the curve 
AMB is supposed to be composed ; then ME 
= ds ; and dt will be the time in which ds is 
described. Draw NO perpendicular to ME, meeting the vertical 
MO in the point 0. Then MO representing the vertical force of 
gravity, this force may be decomposed into two forces NO and MN, 
one of which is perpendicular to and the other acting along the 
curve. The perpendicular force NO is destroyed by the reaction 
of the curve, and the only force which will cause the body to move 
along the curve is MN. Draw the perpendicular MP meeting the 
vertical ER in R ; then by similar triangles 
MO : MN : : ME : ER. 

Let BP = a:, PM = y ; then ER = PQ = dx, and g being the 
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vertical force of gravity, we have for the accelerating force along 
the curve MO X ER dx 

whence by substitution in formula (5) art. 155, wo have 
r^y = — gdx. 

We place the sign — before gdx because the arc decreases when 
the velocity increases. 

Integrating this equation we obtain 

To determine the constant, let it be supposed that the point from 
which the body begins to fall is A. Draw AZ perpendicular to BZ ; 
then BZ will be the vertical height through which the body falls 
in its descent from A to B. Let BZ = ^, then if a: = A, t? c= 0, 
and we have C'=-gh\ whence 

v-" = 2gh — 2gx = 2g{h— x) (1) 
= 2^XZP. 
Now if a heavy body fall through ZP, the square of its velocity 
V^ on arriving at P will be 

Therefore, when a heavy body descends along any curve line, it 
has, at any point whatever, the velocity it would have acquired by 
falling freely through a space of the same perpendicular elevation. 

It is evident, moreover, that the velocity which a body succes- 
sively acquires by gravity in descending along a curve is entirely 
independent of the nature of the curve. It will be the same for 
all curves whatever. 

ds 
Substituting in the equation t? = -- for v its value from (1), 

and affixing to it the negative sign, we have 

— ds 



dt=: 



{2g)\h^x)^^ 
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To find, therefore, the time employed in describing any arc BM 
of the curve, we must substitute for ds its value in terms of x and 
dx derived from the equation to the curve, and then integrate. 

Pbob. Let it be required to find the time in which a heavy body 
will fall through any arc BM of the cycloid, whose base is horizon- 
tal and vertex downward. 

We have, art. 147, for the length s of any arc of the cycloid 
reckoning from the vertex B, 

s = 2{2rx)^, 
r being the radius of the generating circle ; or putting a for the di- 
ameter of the generating circle 

s = 2a^x^; 
whence, substituting in the formula for dt and integrating 

'=-(4)'-'°-T+''- 

Taking this between the limits a: = ^, a: = 0, we obtain 



■{&'■ 



This result, it is evident, is entirely independent of the length of 
the arc s. If a body, therefore, descend along an arc of a cycloid 
having its base horizontal and vertex downward, the time ofrench' 
ing the lowest poi7it will be the same whatever the length of the 
arc. 

Since the body having fallen to B will, with the velocity acquir- 
ed, ascend in the same time to the same height on the other side of 
the curve as that from which it has fallen, the whole time of the 



oscillation of a body moving on a cycloid will be S^r ( — j*, or 
And since the times of these oscillations will be equal, 



whatever the lengths of the arcs, the cycloid is said to be tauto* 

chronous. 

17 
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The property of tautochronism, first discovered by Huygens, led 
to the application of a pendulum vibrating in a cycloid to regulate 
the motion of a clock. 

Since the cycloid is at once its own involute and evolute, a pen- 
dulum may be made to vibrate in a cycloid in the following manner. 

Let two equal semi-cycloids C A, CB be placed in the same vertical 
plane with their bases horizontal 
and vertices downward, and let 
them be joined in a common point 
C at the extremity of the bases, 
their convexities being turned to- 
ward each other. Let a ball be 
suspended by a fine thread from 
C, the distance between the centre "" '' ' 

of the ball and C being taken equal to the curve of either of the 
semi-cycloids. If the ball be now made to vibrate between the two* 
semi-cycloidial arcs, the string will apply itself successively from 
one to the other, and the ball will thus be made to vibrate in a cy- 
cloid. The impulse by which the vibrations of the pendulum are 
maintained should be comnumicated to it, it is obvious, when at the 
lowiBst point of its motion. 

165. A curve revolves uniformly about a fixed axis ; suppose a 
body P descending along the curve by the action of gravity \ to de- 
termine the velocity of the body at any point. 

Let AC be the curve, AB the axis about which it revolves and 
which we suppose to be vertical. Let the 
arc AP = s \ draw PM and CB perpen- 
dicular to AB, and let AM = a:, PM = y, 
AB = //, CB == a. Produce PM to R, 
and let PR represent the centrifugal force 
developed at P by the rotation of the curve ; 
and let this force be resolved into two, one C 
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BQ perpendicular to the curve, and the other PQ in the direction 
of the tangent at P. Then 

PQ = PR cos RPQ = PR. ^. 

Let Y represent the Telocity at the point C of the curve ; that 

at P will be v 

— V. 
a 

Then, since the centrifugal force is equal to the square of the 
velocity divided by the radius, we have 

a y a 

We shall have, therefore, for the accelerating force resulting from 
the rotation of the curve 

V vdy 

Again, the accelerating force resulting from gravity is 

dx 

hence we have for the whole accelerating force 
. * V' ydy , dx 

Substituting next in formula (5), art. 155, and integrating, we 

obtain V'« 

v'=-^y' + 2gx. (1) 

Determining next the relation of the variables x and y for each 
point of the curve, and eliminating one of them, we shall obtain an 
expression by which the velocity at any point of the curve may be 
found. 

Prob. Let the curve be the quadrant of a circle convex to the 
axis of rotation which also touches it. 

I. To find the velocity at anjr point, 
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Let AC in the precediDg figure be the curve, the centre, AB 
the axis of rotation. Let the centre be the origin of the co-ordi- 
nates ; then a being the radius of the circle, we have 
a:« = a»— (fl— y)«, 

or a: = (2ay — y')i; 

whence by substitution in (1) 

Let t denote the time in vhich the point C will describe the cir- 
cumference of the circle of which BC = a is the radios, we shall 

.2 



whence ^' = "J y' + 2^^ (2fly — y')^, 



which will give the velocity at any point. 
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APPLICATION TO MECHANICS CONTINUED. EQUILIBRIUM. 

CENTRE OP GRAVITY. HYDRODYNAMICS. 

166. In order that a material point or body may remain at rest 
in the same position, the resultant of all the forces which act upon 
it must be equal to 0. 

Let the directions of all the forces which act upon the body be 
in the same plane ; and let the aggregate of the forces resolved in 
the directions of two rectangular axes be represented by X and Y 
respectively. The equations of equilibrium will then be 
X = 0, Y = 0, 

Let it be proposed to find the conditions of equilibrium when a 
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body ifl supported on a curve, the curve being in a vertical plane, 
and referred to rectangular axes. 

Let AM= Xy MP = y, be the co-ordinates of the body at the 
point P of the curve, and let the arc 
BP =x s. Let the forces which act 
upon the body, resolved in the direc- 
tions parallel to the axes of x and z/, 
be represented by X and Y respec- 
tively ; X and Y being regarded as "Nf 
positive when they tend to increase x 
and y, and negative when they tend to 
diminish them. Let K be the reaction of the curve in the direction 
of the normal, or which is the same thing, the pressure of the body 
upon the curve. 

Resolving B in the directions parallel to x and y, we have for 
the resolved part in the direction PX 

E cos RPX = B sin XPT s 

and for the part in the direction PY 




■■^t-- 



RcosBPY = - 



.RcosRPM=: — R^. 

as 



By the conditions of equilibrium we must have then 



X+R 



ds'' 



:0, 



.R^=0. 
as 



The first of these equations is evidently equivalent to 

' dx ds 

dv 
and if we multiply the second by -r^, add it to this last, and reduce, 

we obtain X.dx -}- Ydy =: ; (1) 

which is the equation of equilibrium sought. If now the equation 
to the curve is given, we shall know the relation between the forces 
X and Y, by means of which and the equation to the curve, th^ 
17* 
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particular values of x and y may be found, for wbich the body will 
be supported on the curve, or be in equilibrium. 

So far as the conditions of equilibrium are concerned, it is im- 
material, it will be observed, whether the body rests upon a mate- 
rial surface BP, or is suspended by a string KP which confines it 
to this surface. The tension of the string in the direction of the 
normal, supplies in this case the reaction of the curve. 

Prob. a body P suspended by a string PC without weight, is 
compelled to remain somewhere on the 
circle of which PC is the radius. Sup- 
pose the body to be acted upon by gravi- 
ty, and by a repulsive force, acting from 
the lowest point A of the circle, in the 
inverse ratio of the square of the dis- 
tance ; to determine the position of equi- 
librium. 

Let CA= CP = a, AF = p, AN = x, NP = 2/. iet vt = 
the repulsive force at the unit of distance ; at the distance p it will 

771 

be — r. Resolving this force in the directions of x and y, we have 

P 
for the resolved parts 

--, and-^; 
P P V V 

whence, putting g for the force of gravity, and substituting in the 
general equation of equilibrium, (1), we obtain 




(?-^)^+?*-»- 



•.2ax 



Eliminating dy by means of the equation to the circle, y* 
— a;', and reducing, we obtain 

from which the position of the body when in equilibrium is known. 
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CENTRE OF QRAVITT. 

167. Pros. I. To find the centre of gravity of a plane surface 
hounded by a curve line. 

Let APM be the surface. We suppose this surface divided into 
an infinite number of infinitely small ^ 
trapezoids MPpTw. The centre of 
gravity of the infinitely small trape- 
zoid MP/???? will be at F, the mid- 
dle point of the line PM. Let OX, 
OY be any system of rectangular . 
axes ; and draw FK perpendicular 
to OY. The moment of the trapezoid MPp?w with reference to the 
axis OY, will be FK X MP/jtti. Let G be the centre of gravity 
of the surface APM ; then the distance GG' of G from the axis 
OY will, by Mechanics, be equal to the sum of the moments of the 
infinitely small trapezoids MPpTw divided by the sum of these trape- 
zoids or the surface APM. Putting w= to this surface and re- 
garding OX and Y as the axes of x and y, we shall have FK = ar, 

and FK X MP;?77i == xdm ; 




whence 



GG' = 



fxdm 



(1) 



By a process altogether similar we obtain for the distance of the 
centre of gravity G from the axis OX 

_ f\ydm 
m 



GG"=-^ 



(2) 



If the second of these equations is equal to 0, the centre of 
gravity will be on the axis OX ; if the first, it will be on the axis 
OY ; if both at the same time are equal to 0, it will be at the 
origin 0. 

Ex. 1. To find the centre of gravity of a segment of a circle. 
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Let be the centre of the circle, MAM' the segment whose 
centre of gravity is sought ; and let 
the axes to which the centre of gravi- 
ty is referred be OA, OY. Then, 
since the area is symmetrical on both 
sides the axis OA, the centre of 
gravity G will fall upon OA, and 
we shall have only to calculate its 
distance OG from the centre 0. In 
this case, a being the radius of the circle, A the origin, we have in 
the formula (1), a:=a — ar, dm = 2ydxj and 77i = 2APM; 

whence GG' _f±Zl5}3y^ _ f(a-x)y dx 

wnence i^ix _ ^APM " APM " 

Substituting for y its value from the equation to the circle y^ ^ 
2ax — z^f integrating, and determining the constant by the hy- 
pothesis 2; = 0, we obtain 

;\3 "DTvra 




0G = 



(2ax — xy 



FW 



3 APM 



3 APM 



If MAM' be a semicircle, then OG = o~ -^0. 

Ex. 2. To find the centre of gravity of the common parabola 
whose equation is y^=px. 

Ans. Three-fifths of the distance from the vertex to the chord 
which limits the surface. 

Prob. II. To find the centre of gravity of any arc of a curve. 

Let AM in the preceding figure be the arc. The distance of the 
centre of gravity of this arc from the axes OX, Y respectively, 
will be equal to the sum of the moments with reference to these 
axes of the infinitely small arcs M772, divided by the sum of the arcs 
or the whole arc AM. It will be sufficient to put, therefore, in the 
formulas (1) and (2) already obtained, m = the arc AM, and dm 
= the differential of this arc. 
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Ex. 1. To find the centre of gravity of the arc of a circle. 
Let be the centre of the circle, MAM* the arc symmetrically 
situated on each side the axis OX. Then 

^^ — MAM' ' 

in which, A being the origin of the co-ordinates, a: = a — x. Sub- 
stituting, putting for dy^ its value, and integrating we find 

fxdm =f{a — x) (dr" + dy")^ = a(2ax — 2:*)^, 

the constant being 0. We have, therefore, 

a^^ax-^x')^ ^ 
^^— MAM' ' 
from which it follows, that the distance of the centre of gravity of 
any arc of a circle from the centre of this circle is a fourth propor- 
tional to the length of the arc, its chord, and radius. 

2a* 

For the semicircle we have OG = — . 

It 

Ex. 2. Let the curVe be the cycloid. 

Ans. The centre of gravity is on the axis, at the distance of one- 
third of this line from the vertex. 

Pbob. III. To find the centre of gravity of a solid of revolution* 

In the preceding figure let AO, the axis of a:, be the axis of revo- 
lution. The solid being symmetrical in respect to its axis AO, the 
centre of gravity will be in this line. Putting m for the volume of 
the solid, we have for its differential, art. 52, dm=7ty^dx. Hence 

m 

Ex. 1. To find the centre of gravity of any segment of the sphere. 

Supposing the origin at the vertex A, recollecting that m = 

fity^dx^ and substituting for ^' its value from the equation y* s=s 

2ax — a:*, we have 

fn ( 2ax — a:') xdx 

^^ ~ 'J^{2ax — x')d:V ' 
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8ax — 2u^ 



wKence we deduce AG = 



4(3a — a:)' 



Putting x = a,we have for the whole hemisphere AG== -5-. 

That is, the distance of the centre of gravity of a hemisphere 
from the vertex, is five-eighths the radius of the generating circle. 

Ex. 2, To find the centre of gravity of a paraboloid, the gene* 
rating curve being y* = 2px. 

Ans. Two-thirds the altitude from the vertex. 

pROB. rV. To find the centre of gravity of a surface of revo^ 
lution. 

The same things being supposed as in the preceding problem, we 

havefortheelement of the surface, art. 58, dm = 27ty{dx^'\-d'i^y\ 
whence, the origin being taken at the vertex, 

m 
Ex. 1. To find the centre of gravity of the surface of a spherical 
segment 

Substituting for m we have 

^^_ f2ny(^d^ + df)ix ^ 
f2ny{dx'' + dy^)^ ' 

Substituting next for dy^ its value from the equation to the gener- 
ating circle, reducing and integrating, we obtain 

AG = ia:. 
That is, the distance of the centre of gravity of the surface of a 
spherical segment from the vertex, is one-half the altitude of the 
segment. 

Ex. 2. To find the centre of gravity of the surface of a cone. 
Ans. Two-thirds the distance from the vertex. 

HYDBODTNAMICS. 

I. Pressure of Fluids, 
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168. To determine the pressure of a fluid upon the sides and 
bottom of a vessel which contains it, we suppose the fluid divided 
into an indefinite number of infinitely thin parallel segments. The 
pressure upon a point K of any one of these . 
elementary segments QPqp is equal to the F" 

weight of the vertical filament IK of the A Ik 

fluid. And the pressure upon the vertical 
section Qq of the segment, will be equal to 
the weight of IK taken as many times as there are points K in Qq* 

Let IK = 2;, f sBs the density of the fluid, and z sss the vertical 
section AQ of the vessel, corresponding to the depth IK. The 
weight of the filament IK will, it is evident, be equal to fsdx, and 
the pressure upon Q^ will be Qqfsdx, Thus we shall have for the 
element of the pressure P upon any vertical section AQ of the side 
of the vessel, <i P = dzfsdz. 

Let L be the length of the elementary segment ; then the ele- 
ment of pressure for the surface will be 

dl^ = 'Ldzfsdx. (1) 

Pbob. 1. To find the whole pressure upon the sides of a cubical 
vessel filled with a heavy fluid, the density of the fluid being re- 
garded as 1. 

Let a=; the length of a side of the vessel ; then L = 4a, and 
P =/4aa:c^. 

Taking this from 2: = to a; = a, the whole pressure upon the 
sides of the vessel will be 2a®. The pressure upon the bottom, it 
will be easily seen, is a®. Thus the pressure upon the sides of the 
vessel is twice that on the bottom. 

169. A segment of a solid of revolution is exactly immersed in 
water with its vertex downward. To determine the pressure upon 
the surface, the density of water being regarded as unity. 

Let h = the altitude of the segment, x any abscissa reckoning 
from the vertex, and y the corresponding ordinate. TTien in equa- 
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tion (1) L = 2ny, dz = {dz* + dy'')K and elr = ei (A — a;) ; we 
Bhall have, thereforei 

dF = 2ny(dx^^dy'')^{h — x). (2) 

pROB. Let the solid immersed be the segment of a sphere with 
its vertex downward. 

By substitution in (2), r being the radius of the sphere, 
dP=^2nr{h^x)dx; 
whence P s=s 2nr {hz — | a:'). 

Putting ar == A, we have for the whole pressure 
P = 7rM». 

For a hemisphere the pressure will be wr*. And for the whole 
sphere it will be 47rr^ 

170. Let; ^^ ^^ supposed next that the density varies according 
to any law ; to determine the pressure. 

In this case we suppose the elementary strata to be of different 
densities, the densities varying according to the given law. Let S 
represent the variable density at any depth x below the surface. 
The weight of the filament IK, in the preceding figure, will be/S^ar, 
and the expression for the element becomes 

d? = ljdzf^dx. (8) 

Prob. I. A cylindrical vessel is filled with a heavy fluid, the 
density of which varies as the depth ; to determine the pressure 
which any part of the side of the vessel has to sustain. 

Let the part required be a vertical section of the side. Let h 
be the length of the section or height of the vessel, S' the density 
of the fluid at the base, and x any variable depth ; then 

and V^fdxJ—^ -6A+^' 

from which we obtain for the required pressure } S'A'. 
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Prob. II. A conical vessel, resting on its base, is filled with a 
fluid, whose density varies as the depth; to determine the pressure 
upon the side. 

Let h be the altitude of the cone, r the radius of the base, x any 

depth from the vertex, y the radius of the section at the depth x ; 

then, S' being the density at the base, we have for the element of 

the pressure , ^j^ 

dY = 2^y{dx' + dy') 4/8' -^-. 

But xiyiihir; hence by substitution and integration 



J_«S'4.a>_i_*»\2A. 



and for the pressure sought 

P=l;rS'r(A' + r': 

II. Discharge of Fluids through Apertures. 

171. If water be discharged from an orifice in the bottom or side 

of a vessel which is kept constantly full, the velocity will be equal 

to that acquired by a heavy body in falling through a space equal 

to the depth of the orifice below the line of level of the fluid. 

« Putting X for this depth, the velocity will be equal to {2gx)^. 

Let A = the area of the orifice ; the quantity Q of the fluid, 
discharged in a determinate time t, will be 

Q=.At(2gx)^. (1) 

If the vessel be suffered to empty itself, the velocity of the de- " 
Bcending surface, and that of the fluid discharged, will be uniform- 
ly retarded. It is proposed to determine the time in which a ves- 
sel of any form will empty itself. Let A' = the area of the de- 
scending surface, A being that of the orifice and x the depth of the 
fluid at the end of any time t. In the infinitely small instant of 
time dt, the quantity of fluid discharged through the orifice will be 

Adt {2gx)^. But in the same time the upper surface of the fluid 
18 
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has descended through the space dx ; and the vessel has lost a 
quantity of fluid equal to Ii!dx. We shall have, therefore, 

A:dx = Mt{2gz)^', 

_ , K'dx .,. 

whence dt = p ; (1 ) 

from which t tqslJ be found by integration, A' being either constant, 
or capable, from the form of the vessel, of being determined in 
functions of x. 

Pbob. I. Let it be required to find the time of emptying a cylin- 
der or prism, through an orifice in the bottom. 

In this case A' will be constant, and we have 

A' d:£ 



dt^ 



A(2^)i a:*' 



the sign -^ being given to 2:, since x decreases as t increases. 

Integrating, and determining the constant by recollecting that 
when a; =» A, t :±± 0, we obtain 



To find the time of completely emptying the vessel we have only 
to put a; = 0, which gives 

A^4 



But from what has been shown above, we have 



Q,orA'A = A^(2^A)^ 



A' (2A) 
whence ^== — ^-~-. (2) 

2A-* 
Comparing these results we see that when a vessel is left to empty 
itself, the time employed is just double that required to discharge 
the same quantity when the vessel is keptfuU^ 
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Pbob. II. To determine the time in which a given sphere will 
empty itself through an orifice at the lowest point. 

Let r = the radius of the sphere, x sluj depth from the bottom ; 
then A' = 5r {2rx — x^), and 

TT (2rx — x^)dx 
dt = r r ; 

whence, by integration we obtain for the whole time of emptying 
the vessel, - ^ » 

t = r . Ans. 



15A, 



X 



Ex. 2. To find the time of emptying a given cone through an 
orifice in the vertex, the base of the cone being horizontal and its 
vertex downward. 

Let r = the radius of the base, h the altitude of the cone. 



Ans. 



27rr^ 
5A(2^)i 
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METHOD OP VARIATIONS. 



172. In the problems already solved by aid of the auxiliary 
quantities furnished by the Calculus, the dependence of the vari- 
ables has remained the same throughout the entire process for their 
solution. But there are other problems in which this is not the 
case ; and the solution of which becoming in consequence more 
difficult, requires additional aids in order to its accomplishment. 

Let it be required, for example, to trace upon a plane, between 
two points A and D, a curve, of 
a given length, such that, AK 
being the axis and DK any 
ordinate perpendicular to this 
axis, the area comprised be- 
tween the curve and the ordi- A. P P' Q (X 
nates AK, KD may be the greatest possible. 
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This problem though comprised in the general theory of maxima 
and minima, is materially different from those we have already con- 
sidered. In the latter the relation between the variables, given by 
the conditions, remains the same throughout. All that we are re- 
quired to do is, to determine the particular values which must be 
assigned to the variables, in order that the maximum or minimum 
sought may exist. But in the problem now proposed, the relation 
itself between the variables, instead of being given, is the thing 
sought. The question is, among all the possible relations which 
may exist between the variables, to find the one in particular, which 
will fulfill the conditions of the maximum sought. In the class of 
problems, moreover, to which the problem belongs, the function 
which is required to be a maximum or minimum, is not, as in the 
case of the ordinary problems, composed solely of finite quantities, 
but, in general, is the integral merely indicated of a differential ex- 
pression not susceptible of integration. 

173. We now proceed to explain the nature of the new auxiliary 
quantities required in the solution of the species of problems under 
consideration. In order to this, let it be supposed that the curve 
AMND, in the preceding figure, undergoes a transformation infi- 
nitely small so as to become AM' N'D. Each point M' of the new 
curve may be regarded as a point M of the other, which, in the 
process of the transformation, has passed from M to M' ; so that 
each point of the new curve has its corresponding point in the other. 
In this transformation each of the quantities which belongs to 
the system, undergoes a change in passing from the first to the sec- 
ond state which is called its variation. Thus, the variation of PM 
isFM'— PM, the variation of QN is Q'N'— QN, that of the 
entire curve is AM'N'R'D — AMNED, and so on. 

The variation of a quantity, although the difference of two values 
nfinitely near each other of the same quantity, is not to be con- 
founded with its differential. For the latter is the difference be- 
tween two consecutive values of the same quantity taken upon the 
same curve ; while the former is the difference of two values taken 
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from one turve to another. Thus the differential of the ordinate 
PM is QN — PM, while its variation is P'M' — PM. 

To distinguish the variations from the ordinary differentials we 
employ the characteristic <J. Thus, the variation of x is indicated 
by dx, that of y by dy, and so on. 

Derivation of the Variations. 

174. In order to employ the new auxiliary quantities, we must, 
as in the case of the ordinary differentials, determine the manner 
in which they are derived from the primitive quantities, for which 
they are substituted in forming the equation of a problem. 

From what has been done it will be perceived that the variations 
are derived from their primitives precisely in the same manner as 
the ordinary differentials. Thus, to find the variation of a:, we con- 
sider X as becoming x-^dx; and subtracting the first value of the 
quantity from the second we have 3x for the variation sought. 
That isj to find the variation of a simple variable, we merely place 
the letter d before it. 

In like manner to find the variation of x*, regarding z as becom- 
ing X -f- dxf we have for the second value of the quantity 

(x + dx) (z-{-dx) = x'''^2xdx-{-dx\ 
Subtracting the first = x* 

Variation === 2xdx -f- ^x*. 
But dx* being an infinitely small quantity of the second order, 
must be omitted by the side of 22:^:2; ; and we have, therefore, ds^ 
= 2xdx. 

In general to find the variation of a function we find its differen- 
tial by the common rules, and then replace the letter d by d. The 
variation of a quantity is, therefore, merely its differential taken in 
a new point of view. We pass to some examples. 

Ex. 1. To find the variation of xy. Ans. xSy -j- ydx. 

Ex. 2. To find the variation of % Ana. ^f%Z_^ 

ax 4xr 

IS* 



no 
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Ex. 8. To find the variation of {da^ + di/)^. 



Ana, 



dxddz -|- dySdy 

r 



(dx' + df)^ 

175. We thus see the manner in which the variations are derived. 
Between these and the diflfereutials there are certain important re- 
lations which we will now explain. 

If the figure be examined with attention, it will be observed that 
we may pass from the point M to N' 
in two diflerent ways. 1°. By pro- 
ceeding from M to M' by the method 
of variations, and then from M' to N' 
by the differential of the curve AM'N'. 
2°. From M to N by the differential 
of the curve AMN, and then from N 
to N' by the method of variations. 

LetAP = a:, VQ = dx, PP'=^a:; then FQ'= <fAF along 
the curve AMN ; whence P'Q'= dx -j- ddx, and 

AQ'=AF'-{-¥'Q'=x + dx + dx-{-ddx. 
Again, QQ' z=zdAQ = dx -\-ddx ; and 

AQ = AQ + QQ' = x + dji -\-dx-i-ddx. 
Equating these two expressions for the same thing, and reducing, 
we obtain ddx = ddx. 




ir'QQ' 



(1) 



(2) 



In a manner altogether similar we find 
3dy = ddy. 

That is, the variation of the differential of any quantity is equal 
to the differential of its variation. 

From this principle we also derive another analogous to it, viz. 
8fV=^fd P ; P denoting any function whatever of the variables 
Xy yy z, &c., and their differentials. 

Indeed, let /P = U ; then by differentiation P == d\J ; and 
taking the variation ^P e= ddVy or, by the preceding principle JP 



VARIATIONS. SOLUTION OP PROBLEMS. 211 

«=fl(i5U. Taking next the integral of this last / J P =s JU J op 
sabstituting for U its yalue, 

That is, the variatio7t of the integral of any differential quaff 
titij whatever^ is equal to the integial of its variation. 

These are fundamental principles in the method of variations. 

Solution of Problems by aid of Variations. 

176. We proceed next to show the aid derived from the auxilia- 
ries now obtained, in the solution of some problems of maxima and 
minima of the kind to which we have just referred. 

In the solution of such problems, it will be observed, we have 
the same general principle as in the ordinary problems of maxima 
and minima. Thus, let fydx be the fun(5tion which is required to 
be a maximum or minimum; then dfydx = 0; for the function 
having reached its maximum or minimum is incapable* of further 
increase or diminution, and its variation must, therefore, be 0, 

PROBLEM I. 

177. It is required to find the curve of quickest descent, or that 
along which a heavy body will descend from one point to another 
in the shortest time possible. 

Let M, m' be the two points ; the question is to find among all 
the curves which can be described between 
M and m\ that along which the body will 
descend in the least possible time. 

LetCP = :£:, PM = y, CM = j. The 
velocity of the body moving in the curve at 

M will be {2gx) 2, g being the force of gravi- 
ty; whence 

J=(2^z)*,or(?/ = 




dt — ^^^^' ,--^— o 

which, Mm being taken equal to dSf will be the time employed in 
moving from M to m. 
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ltetGps:^x^dxsaax\pm^s^y'{'dy=ssi/^ and Cm = 5-j-d» 

s=: s' ; then 972m' being equal to d/, the time employed in moving 

ds' 
from m to m% will be r; and the whole time of moving from 

JUL torn' wUl be ds dif 



But, bj the question, this should be a minimum ; whence, omit* 
ting the constant factor, 

•.^+.^=0. (1) 

Substituting for ds^ ds\ their values in terms of dx, dy, and dx'^ 
dy' ; taking the variation in reference to y only, since x and x' are 
the same for all curves that can be drawn between M and 772^ ; and 
then restoring ds^ ds' in the denominators, we obtain 

^2L j^y ^ _^ sdy = 0. (2) 



xhs x^ds' 

Again, whatever the curves may be, the ordinate Om' is the same 
for all. Thus we shall have dy -{- dy constant, and by consequence 
^ iAy + ^y') = ^ » hence 5dy = — ^rf/. The equation (2), there- 
fore, by this means reduces to 

x^ds x'^ds' 

x^ds X ^ds 

/7|# 

We have, therefore, -r^- the same for every point of the corye, 
x^ds 
or equal to a constant. Let A be this constant; then 

^ = A. (4) 
x^ds 
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To determine A it will be observed that -r^ expresses the sine of 

the angle which the tangent line makes with the axis of abscissas. 
Let a be the value of x at the point where the tangent is horizontal ; 

at this point the angle will be a right angle and -—• c= 1 ; henco 

But ds = {dx^ -j" ^y^Y> whence by substitution in (5) 

^^ (a—x)^ 
Integrating this last, putting a = 2r, we obtain 

y = ver-sin""*a; — {2rx — a;*) ^ , (7) 
which, art. 142, is, in finite terms, the equation to the Cycloid. 

We have, therefore, the Cycloid for the curve of quickest descent, 
or the Brachystochrone, 

Reviewing the course pursued, it is obvious that 

1°. By aid of the new auxiliaries, we have been able to find, with 
great facility, an equation for the problem, viz. the equation (1). 

2°. By the conditions of the problem, we have next been able to 
eliminate these auxiliaries, after they have served their purpose ; 
and have thus, equation (5), obtained a result in terms of the vari- 
ables and their differentials only. 

3°. The solution being thus reduced to the ordinary Calculus, we 
next eliminate, in the usual way, the differentials found in this re- 
sult, and obtain finally an equation for the curve sought in terms of 
the variables only and the constants which enter into it. 

So far as the mere solution of the present problem is concerned, 
we might have stopped at equation (6), since we had previously 
found this to be, art. 142, the differential equation of the cycloid. 
The course pursued exhibita in conuection the manner in which both 
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the species of auxiliaries necessary to the solution of the question 
are eliminated, and the result, freed entirely from the indetermi- 
nates employed, lefl in finite and determinate terms. 

PROBLEM II. 

178. Let it be proposed, as a second problem, to find among all 
the plane curves which can be drawn between two points that which 
is the shortest. 

Let j^y y' and a^', y*' be the co-ordinates of the two points, and s 

the curve sought ; then £?5 = (<ij;' -{" ^y*) » ^^^ ^® ^^^® ^7 ^® 
question 

df{da?^dy^)^ = 0, or/J((fz' + rf2^»)4=0. (1) 

Taking the variation, transposing the ^, and restoring ds in the 
denominator, we obtain 

Integrating next by parts, we find 

This equation consists, it is evident, of two distinct parts, one 
free from the sign of integration, and the other subject to it. The 
latter not being integrable so long as ^2:, dy preserve the indepen- 
dence which the nature of the question requires, its terms in z and 
y cannot operate the destruction of those in z and y of the other 
part. In order, therefore, that equation (3) may be satisfied, its 
two parts must be separately equal to 0. 

Considering first the part of (3) under the sign of integration, 
and removing this sign, since if a function is equal to its differ- 
ential will also be equal to 0, we shall have 

d^dz + d^dy = 0; (4) 
ds ^ ds '^ 

but, dz^ dy being independent, in order that this equation may be 
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satisfied its two terms must also be separately equal to 0, and we 
shaU have dx ^ ^dy ^ 

ds ds 

dx 
From the first of these we obtain — sa C. Substituting in thL) 

for ds its value, (dx^'\-dy^) ^ and putting C for the constant, it 
becomes -j-^szC. From which we obtain by integration 

which is the equation to a straight line. 

Eeturning next to the part of equation (3) without the sign of 
integration, we shall have for this part, the integral being taken 
between the two points x\ y\ x'\ y'\ 

ds" ^ ds" ^ ds' ds' ^ ' ^^ 

an equation which contains only the values of dx, dy which pertain 
to the limits of the integration. Thus the two parts of equation 
(3) differ essentially in their signification ; the part under the sign 
of integration establishing a general relation between the variables 
z and y, while the part without connects the particular values which 
these quantities have at the limits of integration. 

The proposed problem admits of two cases, 1^, when the two 
points between which the line of shortest distance is to be drawn 
are fixed ; 2°, when the two points are situated each upon a known 
curve. 

In the first case, the variations of the co-ordinates a:', y', ar", y" 
being each equal to 0, the terms of equation (5), or which is the 
same thing those of (3) without the sign of integration, vanish of 
themselves. Thus the equation (4) is sufficient for the complete 
solution of the problem. All that is necessary is to draw between 
the two given points a straight line, which by this equation is de^ 
tennined to be the shortest distance between them. 
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II. For the second case the problem may be enunciated as follows. 

Two plane curves being given by their equations, to determine 
the shortest distance between them. 

From the preceding investigation the curve of shortest distance 
is already found to be a straight line. It only remains to deter- 
mine the points on the curves through which the line must be drawn. 
The co-ordinates of the points, 2:', ^, a", y", which are unknown* 
must, it is evident, be subject to the two following conditions ; 1®. 
they must, with their variations, satisfy the first part of equation 
(3) put equal to 0, the integral being taken, equation (5), between 
the two points as limits ; 2°, they must satisfy the equations to the 
given curves. 

Let dys=zmdx, dy = ndz be the differential equations, respec- 
tively, of the curves upon which the two points are situated. Then, 
by the second condition, since the variations will have necessarily the 
same relations as the differentials of the curves, we shall have, 

dy' = mdaf, dy''=nn82f'\ (6) 
whence by substitution in (5) 

But the variations dx'\ Sx being independent, the two parts of 
this equation must be separately equal to 0, and we have 

&/' + „rfy" = 0. org= 1, (7) 

rfa:' + Wy' = 0, orgj^-l; (8) 
whence by substitution from (6) 

dx'* dx'' ~ ' dx' dx ~ 

From which it follows that the right line already determined to 
be the shortest that can be drawn, must make a right angle with 
each of the two given curves. 
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From the equation y = Cx -f- C" we have dy = Cdz, And 
since the co-ordinates x\ j^, x'\ y" must satisfy this equation, we 
obtain by means of (7) and (8), 

14-(77» = 0, 1+Cn=:0. (9) 
But a right line passing through the points a:', rf^ 7^\ i/\ has for 
ite equation // / 

in this case, therefore, C =: -r, — ^; whence by substitution in (9) 

a^'— *'+m(y"— y')=0, a:"— a:'+?i(y"— y') = 0. (10) 
Combining next these equations with the primitive equations to 
the given curves, the unknown quantities x'j if, x\ y" will be de- 
termined. We thus find the points on the curves, through which if 
a straight line be drawn it will be the shortest distance between 
them. The problem is thus completely solved, 

Ex. 1. Let y = x-|-3, y^=^x be two lines referred to the same 
axes; to find on these lines the points, through which if a right lioe 
be drawn it will be the shortest distance between them. 

Let the co-ordinates of the point on the first line be x\ y\ those 
of the point on the second a;", y" j the equations to the lines will 
then be y' = a;' -j- 8, y'^=x'\ from which we obtain 

whence by substitution and elimination in (10) we find x\ y'ss 
— 1.125, 1.875 ; a", y" = 0.25, 0.5, the co-ordinates of the points 
required. 

Ex. 2. Two bodies are moving, one on the line y'=a; -{-1» *^e 
other on the curve x"^ -f- (y" — 3)' = 1. At What points must they 
be, at the same time, in order to approach each other the nearest 
possible ? 

179. The preceding problems belong to a class denominated 
maxima and minima absolute. We proceed next to -a problem of a 
different class called maxima and minima relative* 
19 
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PROBLEM III. 

To find the nature of the cnrye, of a given length, which shall 
inclose the greatest area. 
Let s be the length of the carve sought, then 

and bj the first condition 

Sf{daf' + dy')^ = 0. (1) 

Again, for the area of the curve we have fydx ; whence by ike 
second condition ^fydz = 0. (2) 

Multiplying equation (1) by an arbitrary constant n, and adding 
it to (2), we have 

V(y^+^(^+^y")*) = o, (3) 

an equation which implies that (1) and (2) are necessarily true, 
and which is sufficient for the solution of the problem. 

The process will now be the same as in the preceding problem. 
Performing the operations, we have for the part under the sign of 

which gives to determine the curve sought 

dx — ?MZ-p-=sO; 
as 

dii 
whence, by integration, x — n-^^=^C\ 

which, substituting for ds its value (dx*-\-dy^^^ maybe put under 

the fonn \x — C) dx 

dy-arr:' 



or, taking the integral 

y = _(«»-(a:-C)»)i, 
or n'=y'+(j: — C)'; 

which is the equation to the circle. Thus the curve sought will be 
the circle. 
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180. Problems of the kind we have solved by the aid of varia- 
tions have received the name of Isoperimetrical Problems; though 
the designation applies more especially to those of the class last 
considered. They engaged much the attention of geometers about 
the time of the invention of the Calculus. The results obtained 
led, however, to no general rules, until La Grange conceiving, from 
a consideration of them, the idea of the method of variations, re- 
duced their solution to a common and general method. 

The method of variations, though deriving its origin from this 
class of problems, is not confined to them. Indeed, it is, from its 
nature, manifestly adapted to all questions in which the magnitudes 
to be considered may be made to vary in two different ways, or 
which require in their solution the use of differentials taken in two 
distinct and different points of view. It is from this consideration 
that the method is peculiarly adapted to. the problems of rational 
mechanics and physical astronomy. 

The method, it will be observed, is not to be regarded as a new 
Calculus, but rather as an extension of the ordinary Calculus. By 
means of the auxiliaries introduced by the latter, we are enabled 
to solve, with facility, problems the solution of which entirely tran- 
scends the powers of common algebra. By aid of the auxiliaries 
provided by the method of variations, we again bring within our 
grasp problems which, in their turn, baffle the powers of the ordi- 
nary Calculus. In the two we have a logical instrument the most 
powerful the human mind has yet constructed. 



SECTION XVIII. 

APPLICATION TO ASTRONOMY. 

181. In what precedes, we have seen the application of the Cal- 
culus to various problems relating to force and motion. We shall 
now apply it to the two following problems of Astronomy. 
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1®. The heavenly bodies being considered as spheres, to deter- 
mine their mutual attraction. 

2°. To determine the law of the force which confines the planets 
and comets to their orbits. 

Before proceeding to the first of these questions, we take the fol- 
lowing more simple problems of attraction. 

Pbob. I. To find the attraction of a uniform circular arc on a 
particle in the centre of the circle, the force varying in the inverse 
ratio of the square of the distance. 

Let C be the centre, BAD the arc, A its middle point. Join 
CA, this will be the line in which the resultant 
of the attraction acts. Let Mm be any infinite- 
ly small portion or element of the arc. Put the 
angle BCA = ft;, MCA = ^ AC = a. Then 
'MGm=::dO ; and the mass of a unit of length 
of the arc being regarded as unity, the mass of 
the arc M?n will be expressed by ad6. The at- 
tractive force of Mm on C, in the direction MO, 
will then be adO d0 

a^ a 

Draw PM perpendicular to AC ; then, to find the attractive force 

of Mwi in the direction AC, we must multiply the force in the direction 

CP 
CM by -p^ or cos d. Putting A for the whole attraction, we shall 

have for its element cosd^^d 

dh. = . 

a 

Integrating, and taking the integral between the limits tf = •>, 

= — a;, we have for the attraction of the whole aro 

2 sin a; 

a 

Prob. II. To find the attraction of a circle on a particle situated 
in a line perpendicular to its plane, and passing through its centre. 
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Let S be the centre of the circle ; P the attracted point ; SP ssi r, 
'Pm =s=:f; Sm any radius = a:, and 
SQ anj radios indefinitely nearly 
equal to this, so that mQ = dx. Let 
the angle ASQ = u ; and, the radius 
SE being drawn infinitely near SQ, 
the angle QSR = dof ; then th« quad- 
rilateral QmiiR -= xd»dx. 

Let the law of attraction be represented by <Kf); then the at- 
traction of QmwR will be expressed by xd(vdx<p(f). And this 
being resolved in the direction PS, we have for the element dA of 
the attraction, 

dA = xd^^dx(l>{f)j; 




-ffxd^dx(p{f)ji 



whence A = 

in which /= (r* + a:*)*. Let ^ (/) =/**; then, taking the in- 
tegral from GO s= to vzssz 2?r, we obtain 

A ^f^nrxdx (r» + :^)T 

Integrating next from 2; =;? to :z: = a, and determining the oon^ 
stant on the hypothesis a; = 0, we have 

25rr "^ 

Ex. Let 71 s= — 2, or the force vary inversely as the square of 
the distance. Then 



(^ — —^ 



Attraction of Spheres, 
182. Betuming now to our object, let the foUowmg problem be 

19* 



proposed. 
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A spherical shell of inconsiderable thickness is composed of par- 
ticles which attract in the inverse ratio of the square of the dis- 
tance ; to find the attraction upon a particle without the shell. 

Let S be the centre of the spherical shell, So its interior radius 
e= y, Sn its exterior radius = y -\-di/. Suppose p 
two planes AGO, AtiC, passing through AC, to 
make with each other an infinitely small angle 
Gtpn = dof^ the plane of Qpn being perpendicu- 
lar to AO. Let the angle PSG == ^ and GSB 
= d&. Then the arc G/i = y sin &dv, and the 
arc BG = yd&. We have, therefore, for the con- 
tent of the infinitely small solid Bd?, 
y'sin QdBdSdy. 

Let SP=:3, PG==/. Then the solid Bo being 
infinitely small, its attraction may be regarded as 
that of a single particle ; hence we shall have for the element of 
attraction, dAy in the direction PG, 

dA=z y^dy am 6 dBdi^x tt» 




= — ^dydcadcos^ X ja 



But/' = i* — 2hy cos B -|- y^. Differentiating this equation in 
relation to tf, ^ and y being independent, we have 

fdfezs — by d cos Bf 
and by substitution 

ydydat df 

Eeducing this to the direction PS, since the attraction manifestly 
acta in this direction, we multiply it by cos SPG, equal. Trig. art. 



81, to 



2bf 



whence 

ydyd^df b'+r-y'^ 



^^ — ~~2l'' 



P 
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Integrating first from B = Q to £:=2», we have 



=ff' 



Integrating next from /= b — y to /=» £ -{- j/, we obtain 

>4^ 



^^f-^y'dy- . 



Designating the internal and external radii of the shell, So and 
Sw, by r, r respectively, and integrating finally between the limits 
r and /, we have for the whole attraction of the shell 

But the mass of the shell is equal to the difference of the masses 
of two spheres, whose radii are r and / respectively ; hence, put- 
ting M for this mass, 4 

M=-g-(/» — O, 

and we shall have, therefore, 

A_^. 

Thus the attraction is equal to the mass of the shell divided by 
the square of the distance from the centre ; and is, therefore, the 
same as if the whole mass were concentrated in a single particle at 
the centre. 

If we suppose r = 0, we obtain the attraction of a sphere whose 
radius is /. Thus, the density of the sphere being uniform, the re- 
sult is the same for the whole sphere as for the shell. 

If the density varies according to any law, we may consider the 
sphere as composed of concentric shells with densities varying ac- 
cording to the given law. The law of attraction above obtained 
being true for each of the shells separately, will be true also for the 
whole sphere which is composed of them. 
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The heayenly bodies are very nearly spheres. Considered as such 
they attract, therefore, as if their wiole masses were concentrated 
in a single particle at their centres. 

Motions of the Celestial Bodies. Law of the force. 

183. The laws which regulate the motions of the planets about 
the sun, are known under the denomination of the laws of Kepler ; 
having been discovered by that distinguished Astronomer, who de- 
duced them from innumerable observations. They are three in 
number and are as follows. 

1°. The planets and comets move in plane curves, and their radii 
vectors describe about the sun, as a centre, areas proportional to 
the times. 

2°. The orbits, or trajectories of the planets and comets are conio 
sections, having the sun in one of their foci. 

3°. The squares of the times of the revolutions of the planets 
about the sun, are proportional to the cubes of their mean distances 
from the sun. 

184. From these laws, derived from observation, Newton deduced 
the law of universal gravitation. We shall give an elementary view 
of the aid derived from the Calculus in the accomplishment of this 
great work. 

Let AmP be the elliptical orbit of a planet m^ having the centre 
of the sun in the focus S. Let 
SX, SY be two rectangular axes 
in the plane of the planet's orbit, 
and having their origin at S. 
Draw Sm, and let fall mp per- 
pendicular upon SX. Sm which 
joins the centres of the sun and ^ 

planet is the radius vector ; and Sp, pm equal to x and y respec- 
tively, will be the co-ordinates of the planet at any point m of the 
orbit. 
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Let X and Y be the components, in the directions of AX and 
AY respectively, of the force F which acts upon the planet. Then 
we shall have for the equations of the planet's motion. 

If we now multiply the first of these two equations by — y, and 
the second by x, and add them, we obtain 
xdJ^y — yd^x 



dt"" 



■ = Yx — Xy, 



d{xdy-ydx)^^^_^^ ^2) 

Let A be the area of any sector PS^ of the ellipse. Supposing 
a perpendicular Pti let fall from P on the axis SY, the area of the 
quadrilateral PwS^, thus formed, will be comprised between the 
limits y = 0, y = S;i, and we shall have area PnSg :=/ xdy . 
But the area of the triangle FnS = ^xy; hence 

A z=,fxdy — \ xy, 
and dK = xdy — \ xdy — \ ydx 

=i\{xdy — ydx,) 
Let c = twice the area described by the radius vector in the unit 
of time ; then by the first law of Kepler 

xdy — ydx = cdt ; (3) 

whence djxdy-ydz)^^,^ 

at 
and by substitution in (2) Yx — Xy = ; (4) 

whence X:Y : :x :y: :Sp: pm. 

The forces X and Y being thus proportional to the co-ordinates 
Sp, pm, the resultant of these forces must pass through their origin, 
or the centre of the sun S. The curve described by the planet is 
concave toward the sun ; the force, therefore, that causes the planet 
to describe that curve tends toward the sun. 
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The first deduction from the laws of Kepler is, then, the impor- 
tant one, that the force which retains the planets in their orbits is 
directed toward the centre of the sun. 

185. We proceed next to determine the law of the force, or the 
manner in which it>aries at different distances from the sun. 

If the first of the equations (1) be multiplied by dx and the sec- 
ond by dy, we obtain for the sum 

d^^^ + dy^^Xdx + Ydy. 
at 

The left hand member of this being a perfect differential, we 
haye by integration 

Deducing the value of dt from (3) which expresses the law of 
ilie areas, and substituting, we have 

We next, for greater simplicity, transform this equation into a 
polar equation, having for its co-ordinates the radius vector S;7Z, and 
the polar angle rr&g. Let Sot = r, m%g = v ; then 

Sp = a;=roosi?, ^OT = y = rsint?, r==(a:'+y') ' 

whence dz^ -j- dy^^=.T^dv^ + dr^. Also from the element of the 
area of polar curves, art. 127, and equation (3), we have xdy — 
ydx = r^dv. 

Again, let F be the resultant of the forces X and Y ; then 

F=(X»-|-Y')^, X = — Fcosr, and Y== — Fsinr; 

the sign is negative, because the force F in the direction 77?S tends 
to diminish the co-ordinates. Multiplying the two last equations 
by dx and dy respectively, and addmg, we have 

X^ 4" ^dy= — F (cos vdx -f sin vdy) ; 
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from which by means of the equations a: = r cos t?, y = r sin v, we 

get Xdx-{'Ydy^ — 'Bdr; 

and the equation (5) becomes, therefore, by substitution 

i<i^±*5+VF*-0> (6) 



whence dv 



r^dv"" 

cdr 



r(— c» — 2r»/F(?r)i' 
K the Yalue of F were now known in terms of the distance r, 
this equation would give the nature of the curve, or trajectory, de- 
scribed by the planet. But it is the force F which is unknown 
that we wish to determine, the nature of the orbit being given. 
Differentiating, therefore, (6) from which the equation for dv is de* 
rived, we have, to determine F, 

We have thus obtained an expression for the force F in terms of 
the radius vector Sttz, and the corresponding variable angle m^g 
= V. But in order to determine the law of the force we must 
eliminate t?, so that F will be expressed in terms of the radius vec- 
tor r or Stw only. 

By the second law of Kepler the planets and comets move in 
conic sections, having the sun in one of their foci. Let us employ, 
therefore, for the purpose of the required elimination the polar 
equation of the ellipse, viz. 

l + e(cosi?— ^)' ^^ 

in which e represents the eccentricity, 2a the greater axis, Si the 
angle P3^ which this axis makes with the axis AX, and v the an- 
gle m^g as above. 

This equation becomes that of a parabola, when 6 = 1 and a is 
infinite ; and that of an hyperbola when e is greater than unity, 
and a is negative. 
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But this equation may be written 

1 .. 1 ~[- e cos (v — <g) .g^ 

Taking the differential, dividing by dv, squaring both sides, and 
substituting for Bin^(i? — SI) its equal 1 — cos''(t? — a?), we obtain 

dr^ e' c'cos'(i? — Si) ^ 

-^A^^— a'il—ey a\l—ey ' ^^ 

But e(|uation (9) gives 

c' coB'(t? — Si) 1 1 2e cos (v — Sf) 

a'(^l^eY ~"? a\i—ey "" "^^(Tl^'y ' 

or by substituting for e cos(i? — Sf) from (8) 

^{v — Sf) _ J_ 2 , 1 



(11) 



(12) 



'^( 

a\l — ey ~ r^ ar{i — e") '^ a" {I — e^' 

whence by substitution in (10) 

_d7^ ^ 2 1 1 

r^dv^ ar ( 1 — c") r* a* ( 1 — O ' 

and this being substituted in (7) gives, after performing the differ-* 
entiation and reducing, 

^= /I 2x »4. (13) 

a(l — r) r* ^ 

c' . 

But the coefficient -ttj j- being constant, the force, it is evi- 

dent, will vary as -j, or inversely as the square of the distance of 
the planet from the sun. 

Thus, the force which retains the planets and comets in their 
orbits is directed toward the sun^ and varies in the inverse ratio 
of the square of the distance from the sun. 

186. The law thus deduced is obtained for each of the planets 
separately. We shall now show that the force is the same for all 
the planets at whatever distances they are placed from the sun. 
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The intensity of the force depends, it is evident, upon the coeffi- 

cient — :; r-- , which may be found by Kepler's laws. 

a(l — e'*) 

Let T denote the periodic time, or time of revolution of a planet. 

Then c denoting, as above, the double area described by the radius 

vector in the unit of time, the area described in the time T will be 

cT. But during the time T the radius vector will describe the 

whole ellipse, the area of which is 7ra\l — e^)^^ a and (1 — e*)^ 

denoting the semi-axes. Thus we shall have 

c = -— . 

Putting k= — = -f and substituting the value of c, we get 

tn like manner if we consider another planet, we have 

But by the third of Kepler's laws 

T^ :T^::a^: a'^ ; 
hence k = k \ 

that is, the accelerating force is the same at the unit of distanr* e for 
all the planets, and varies only from one body to another by r^jason 
of the distance. It follows, therefore, that if all the planets were 
placed at equal distances from the sun, they would, if left solely to 
the action of this force, fall in the same time to the sun ; that which 
is analogous to what is observed in respect to bodies acted upon by 
attraction near the surface of the earth. 

Proceeding with the investigation, it is proved that the force 

which confines the planets and comets to their orbits, is the same as 

that which causes the descent of a heavy body toward the surface 

of the earth. We thus reach the law of universal gravitation, viz. 

20 



V, 
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that all the particles of matter attract each other as the masses di- 
rectly, and as the squares of the distances inversely. 

187. The law of the force being obtained, as we have seen, from 
the laws of Kepler derived from observation, we may next invert 
the problem ; and, assuming the law of gravitation to be the law of 
nature, deduce from the equations of motion derived from this prin- 
ciple all the circumstances of the motions of the heavenly bodies, 
and then compare the results with observation. This is what has 
been done by La Place in his immortal work, the Mlckanique 
Celeste. Setting out with this single principle, the revolutions and 
rotations of the planets modified by their mutual disturbances, the 
oscillations of the fluids at their surfaces, the various changes the 
system has undergone in ages past, those it will undergo in ages to 
come, are made the subject of direct calculation. The astonishing 
accuracy of the results obtained exhibit alike the truth and the 
power of the instrument by which the work is accomplished. 



SECTION X.IX. 

LIMITS. DERIVED FLNlTiOX!^:. 



188. Thus far, in accordance with the method of Leibnitz, we 
have employed, as auxiliaries to tlie estanlisiuneut of equations, the 
infinitely small increments or e]t;moiit,s of which the magnitudc^^ 
under consideration are mi] ^o^od to be composed. Xewton has 
based the Calculus upon a different conception. From his point ol* 
view the auxiliaries employed to facilitate the formation of equa- 
tions are the limits of the ratios of the simultaneous increments of 
the primitive quantities which require to be considered ; these lim- 
its, or which is the same thing, final ratios of the increments hav- 
ing always a finite and determinate value. 

By the limit of a proposed magnitude we understand that to 
which the magnitude may be made to approach indefinitely near. 
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Thus the circle is the limit to the polygon inscribed ; since by in- 
creasing the number of its sides the polygon may be made to ap- 
proach indefinitely near to the circle, or to diflfer from it as little as 
we please. 

A magnitude is said to be ultimately equal to its limit ; and the 
two are said to be ultimately in a ratio of equality, 

A line or figure ultimately coincides with the line or figure which 
is its limit. 

189. To give an elementary idea of the Calculus according to 
the method of Newton, we resume the problem of tangents, viz. 
To determine for each point of a plane curve, the equation to which 
is given, the direction of its tangent. 

Let AMM' be the curve, M the point to which the tangent is re- 
quired to be drawn. Let T'MM' be 
a secant line cutting the curve in M 
and also in the point M' near to M. 
Supposing the secant to revolve about 
the point M, as the point M' approach- 
es M , the secant T'MM' will approach, 
it is evident, more nearly to the tan- 
gent TM ; with which it will coincide T' T A P P 
when the point M' falls upon M. The tangent line is, then, the 
limit to the secant. Let AP, AP and PM, P'M' be the co-ordi- 
nates respectively of the points M and M', and let the difference 
between the abscissas AP, AP be represented by ^x, and the dif- 
ference between the ordinates PM, PM', by dy. Then, t being put 
for the trigonometrical tangent of the angle MT'P which the secant 
line makes with the axis of z, we shall have 

Passing now to the limit, and denoting the limit by L, we have 

^X 

for the trigonometrical tangent of the angle which the tangent sought 
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makes with the axis of x. For the complete solution of the prob- 
lem we have now only to eliminate the auxiliary employed ; or, in 
other words, to find, for each particular case, the value of the limit 

L ---; which is easily done when the equation to the curve is given. 

Let, for example, the equation to the curve be y =: ax*. We 
shall then have 

y -j- -Jy = a(a; -f- dxy = ax^ + 2axJx -|- «^a;* ; 

whence — = 2ax + a^x. 

Jx ' 

Here, it is evident, that the limit toward which the second mem- 
ber of this equation tends, as ^x diminishes, is 2ax. Putting, there- 
fore, Jx=^0, in order to pass to the limit, we have t = 2ax. The 
direction of the tangent, is therefore, known. 

190. The nature of the auxiliaries being now understood, we 
proceed to show the manner in which they are derived from their 
primitives. 

In order to this, let u =zf{x) ; and let u' denote what u becomes 
when X has received an arbitrary increment h. Let f{x-^/t) l^e 
developed according to the ascending powers of h ; and let A, B, 
C, &c., which are functions of x, be the coefficients of these powers. 
Then, if we suppose ^^ = 0, we have A = 7^, and the development 
may be written 

2t' = w -f BA + Gh^ _j- DA^ + &c. ; (1 ) 

whence ^1^=^ = B + CA + DA^ + &c. . 

A ' 

The right hand member of this equation approaches, it is evident, 
more nearly to B as A is diminished ; and becomes equal to B 
when A = 0. Passing, then, to the limit we have 

- = B. (2) 

In general, therefore, to find the limit of the ratio of the incre^ 
ment of a function to that of its variable, we develop the function 
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according to the ascending powers of the increment of its variable, 
subtract its primitive value, divide the remainder by the increment 
of the variable, and take the first terin of the quotient. 

The equation (1) may be put under the form 

w' — w = B^ + (C + D^ + &c.)^*, 
or putting P for B and P' for the coefficient of A", 

w' — w«=;=PA + FA*, (3) 

a formula which is of frequent use. 

191. The corresponding increments 7/ — u, and h, considered as 
indefinitely small, are called the differentials of u and x; and are 
written dii, dx respectively. Employing this notation, the limit, 
equation (2), may be written 

— = B 
dx 

The value B of this limit is called the differential coefficient ofn. 
The differential coefficient of a function multiplied by the differen- 
tial of its variable is called the differential of the function. Thus, 
if B is the differential coefficient, Bdx is the differential of the func- 
tion u. Let u = ax\ for example ; the differential coefficient will 
be Sax\ and the differential will be 3ax*dx. 

1. Proceeding now with our purpose, let it be required to find 
the differential coefficient of the function u = y -\-z — v, where 
y, z and v are functions of x. 

Giving to x an increment h we have 

^^' — u = (i/ — y) + {2' — z) — {v' — v), 
or by the formula (3) 

u' — u = {Fh + T'h^) + (QA + Q7i') — (Rh + R7i') ; 

from which, dividing by h, and passing to the limit, we have 

£ = P + Q-E. 

Whence, the differential coefficient of a functiouy composed of 
the sum or difference of several functions of the same variable, is 
equal to the sum or difference of the differential coefficients of 
these functions, 

80* 
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2. Let u and v be two fuDctions dependent upon the same varia- 
ble Xy to find the difierential coefficient of their product. 

By the formula (3) we have 

zz' = w + PA + F/^«; t;' = » + QA + Q'A'. 
Multiplying these equations, member by member, 

7/0' = iM» + pPA 4. uQlh + PQA» + &c. ; 
whence, transposing, dividing by A, and passing to the limit, 
^('"') -Pin 

Hence, the differential coeffvcient of the 'product of two func- 
tions of the same variable, is equal to the sum of the products of 
each of them by the differential coefficient of the other. 

s 

3. Let w = — , where s and v are functions of the same varia- 

V 

ble X. We shall then have uv = s, and 

d{uv) ds , ds du , do 

--j — = -7-. ; whence —- = y -- _j- z^ _-. 

ax dx dx dx ' dx 

Transposing, dividing by r, substituting for u its value, and re- 
ducing, ds _^ dv 
du dx * dx 



dx v^ 

Whence, to find the differential coefficient of a fraction, whose 
numerator and denominator are functions of the same variable, 
multiply the differential coffflcient of the numerator by the dc' 
nominator, and the differeiitial coefficient of the denominator by 
the numerator; subtract the second product from the first and 
diridf' the remainder by the square of the denominator, 

4. Let 7/ = az", n being entire or fractional, positive or negative. 
Developing by the binomial theorem, transposing and passing, to the 
limit, we obtain ^,^ 

dx 

To find, therefore, the differential coefficient of the power of a 
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single variable, multiply by the exponent and diminish the expo- 
nent by unity, 

192. The above rules are sufficient for all algebraic functions. 
In their application it will be recollected, as may easily be shown, 
that the differential coefficient of u -j- C, C being any constant 
quantity and u bting any function of x^ is the same as the differ^ 
efUial coefficient of u; and the differiential coefficient of Au is 
equal to the differential coefficient of u multiplied by A. 

The process for finding the differential coefficient, or, in general, the 
differential, is called differentiation. The reverse process is called 
integration, and is indicated by the sign/. 

From what has been done, each rule for finding the differential 
coefficient, being inverted, will, it is evident, furnish a rule by which 
to find the function from the differential coefficient. Thus, for ex- 
ample, fax^ = \ ax}, 

193. We have seen how the problem of tangents is solved by 
the method of Newton. We pass to some additional examples. 

Ex. 1. A plane curve being given by its equation, to find its area. 

Let AMN be the curve, AP = a:, PM = y, PF = A. Then 
when X receives an increment A, the area 
APM will receive a corresponding incre- 
ment PP'MN, which will be intermediate 
between the rectangles PR and PN. For 
the areas of the rectangles PK and PX 
we shall have 
PR = yh ; PN = (2/ + PA + FA') A ; 

, AFN — APM ^ AFN — APM ^ . t>a l jyi.^ 

hence >2/, -j^ <y + PA + FA% 

both of which quantities will, it is evident, be equal to y, when A 
= 0. Thus the limit to the ratio of the increment of the area APM 
to that of the variable a:, on which it depends, will be 2/> and 
we shall have ^A 




236 THE CALUCLUS. 

Let now the equation to the cnrve be y=.ax^. Substituting the 
value of y we have dK 

and the question returns to find the inverse ftinction, or integral, 
corresponding to the differential coefficient —\ or, in other words, 
to eliminate this coefficient. Applying the necessary rule we obtain 

in which the constant will be 0, if we reckon the surface from the 
vertex A. 

2. As a second example, let it be required to find the volume 
generated by the revolution of a plane curve about a fixed axis. 

In the preceding figure let AMN be the generating curve. The 
volume generated by the small quadrilateral PFMN will be, it is 
evident, intermediate between the cylinders generated by the rec- 
tangles PR and PN. Employing the same notation as before, we 
have for the latter, 

cylinder PR = iry'h ; cylinder PN = » (y -{- PA + FA')*A. 

Hence, if we put V for the volume sought, we shall have, in the 
same manner as above, 

dV , 

di^'-y' 

Let the equation to the curve be y = ax^ as before. Then 

dV 

—— = va X* ; 
dx 

whence returning to the inverse function, or integrating, and esti- 
mating the volume from the vertex A, we find 

What has been done will enable the learner to compare the 
method of Newton with that of Leibnitz. In illustrating the for- 
mer we have restricted ourselves to the use of the limits or differ- 
ential coefficients, the proper auxiliaries in this method. We re- 
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mark in passing that the application of the notation of Leibnitz to 
the method of Newton, and especially the use of differentials in 
the latter, serve to confound the two methods, which should always 
be kept distinct. 

DERIYEB FUNCTIONS. 

194. Departins^ from the method of Leibnitz and Newton, La- 
grange has endeavored to construct the Calculus upon a basis pure- 
ly algebraic. In order to this he employs as auxiliary to the for- 
mation of equations the Derived Functions of the quantities under 
consideration, and which are simple algebraic expressions. The 
manner in which these functions are derived are, for our present 
purpose, sufficiently indicated, Alg. art. 2i]7. Thus let /(.?;)= ux\ 
for example; the derivative will then be Zax', 

195. The derived function /(z) of Lagrange, the limit L -j- of 

Newton, and the differential coefficient ^- of Leibnitz, it will be 

dx 

observed, are precisely one and the same function seen from three 
different points of view. The three methods are, therefore, funda- 
mentally the same. Each has the same object, that of facilitating 
the formation of equations by aid of special auxiliary quantities 
which have certain relations to the primitive quantities for which 
they are substituted or with which they are used. The office of 
the Calculus, in either case, is to determine these relations and to 
provide for the elimination of the auxiliaries when they have served 
their purpose. As a logical basis of the Calculus the method of 
Newton, and especially that of Lagrange, may have some advan-. 
tage. In other respects the superiority is immeasurably on the 
side of the method of Leibnitz. 



SECTION XX. 

MISCELLANEOUS EXAMPLES. 

196. Having thus completed our view of the Calculus, we close 
with some miscellaneous examples. 
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^ Ex. 1. Fiod the subtangent of the curve whose equation is xy^ 

= a*(a — a:). linx — T:') 

Ans. .^ 

^ Ex. 2. Find the subnormal of the curve whose equation is y^ = 

2aMoga;. ^ a' 

Ans. — . 

X 

Ex. 3. Investigate the figure and quadrature of the curve repre- 
sented by the equation a:* — ci^j^ + oi^y^ = 0. 

Ans. 1°. The curve is included between the limits xz=a, a; = 
— fl, and passes through the origin. 2°. The parallels to the axis of 
y at the distance a: = zh <?, are tangents to the curve. 3°. There is 
a multiple point at the origin at which the two tangents are inclined 
to the axis of x at an angle of 45°. 4°. The whole area is 1 1^. 

Ex. 4. Find the area of the curve of tangents, the equation to 
which is 2/ = tan x, Ans. A = — r^ log cos x, 

dy , y 



Ex. 5. The equation to the tractrix is -3 — | '■ -. = ; 

required the length of the curve. Ans. s = a (log y — log a). 

Ex. 6. The Hjpocycloid is a curve generated by a point in the 
circumference of a circle which rolls upon the exterior of the cir- 
cumference of another circle. Let the equation to one of these 

III 
curves he x -\~y =a , a being the radius of the fixed circle. Re- 
quired the length of the curve. 

Ans. The curve re-enters after four revolutions, and s = 6a. 
Ex. 7. Find the volume of the solid generated by the revolution 

b^x 1 

of the curve t/' = . Ans. ab^n log b^nz, 

^ a — z ^a — x 

Ex. 8. Find the convex surface of the groin, the co-ordinate sec- 
tions being equal semicircles. Ans. Twice the area of the base. 

Ex. 9. If a circle whose radius == a revolve about an axis in its 
plane, and c = the length of the perpendicular let fall from its 
centre on the axis ; required the volume and surface of the figure 
generated. Ans. V = 2?! Vc, S = 47i^ac. 
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Ex. 10. Find the arc, less than a quadrant, for which the excess 
of the sine above the ver-sine is a maximum. 

Ans. The arc is 45°. 
Ex. 11. Of all right triangles of a given perimeter, to determine 
that whose area is the greatest. 

Ansi. That in which the two sides are equal. 
Ex. 12. What is the length of the axis of the maximum parabo- 
la which can be cut from a given right cone ? 

Ans. Three-fourths the side of the cone. 
Ex. 13. From the extremity of the minor axis of an ellipse draw 
the longest line to the circumference. 

The minor axis of the ellipse being taken as the axis of x, we 

have for the abscissa of the required line x= -7= 5-. 

^ — a 

Ex. 14. A line PA is perpendicular to another AB = a. Re- 
quired PA, so that the time of falling down PA -J- the time of de- 
scribing AB with the last acquired velocity continued uniform, may 
be a minimum. Ans. PA = | a. 

Ex. 15. Given the base of an inclined plane = a ; what must 
be its altitude, in order that a heavy body may descend down the 
plane in the shortest time possible ? 

Ans. It must be equal to the base. 

Ex. 16. Find the centre of gravity of a parabolic area, the equa- 
tion to the curve being y^= ex. Ans. GG' = Ja GG" = ly, 

Ex. 17. Find the centre of gravity of any parabola whose equa- 
tion is y'«+'» = oT'x^. m + 2/^ 

Ex. 18. From a solid cylinder of given dimensions cut out a 
rectangular beam that shall be the strongest possible. 

The strength of the beam at any point is measured by the area 

of its lateral section multiplied by the distance of its centre of 

gravity from the under surface. Let x = the vertical, y = the 

horizontal side of the beam. 2r 2 

Ans. X == —jT^i 2/ = 2r V -o-- 



240 THE CALCULUS. 

Ex. 19. Find the time in which a paraboloid of revolution whose 
altitude is h and parameter p, full of fluid, will empty itself through 
a email orifice, A, in the vertex, its axis being vertical. 

Ans. t = r« 



Ex. 20. The co-ordinate sections of a groin being the semi-cubical 
parabola whose equation is y^ = ^x^ ; find the time in which it will 
empty itself through an orifice in the vertex. 

Ans. t = ^^'• 

Ex. 21. Find the attraction of a cone upon a particle of matter at 
its vertex, the force varying inversely as the square of the distance. 
Let h = the altitude of the cone, r the radius of the base. 

Ans. 2n(h t). 

Ex. 22. Find, for the same law of the force, the attraction of a 
cylinder upon a point in its axis produced. 

Let A, and h' be the distances of the attracted point from the up- 
per and lower bases of the cylinder respectively, a = the radius of 

the base of the cylinder ; and put (a' + A«) ^ = c, (a' + A'')i=c'- 

Ans. 27t{h'—h'—(c'—c). 
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